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TEAKSLATOE'S PEErACE. 



FoK some years I had used a rough English manuscript 
summary of Professor Ceemona's works on the GrajJiical 
Caloulus and Heei^wocal Mgwres, while reading with engineer- 
ing students of University College, London. As English 
■veraions were much wanted, I was advised by Professors 
Pearson and Kennedy to ask the consent of Professor 
Cremona to my undertaking their ti-anslation, and at the 
same time they supported my application to the Delegates of 
the Clarendon Press that they should become the pubhaheis. 
To both applications a most cordial consent was given ; and 
I take the opportunity of thankicg both the Author and the 
Delegates for the trust they have reposed in me. The trans- 
lations have been revised by Professor Cremona and certain 
portions {in particular Chap. I. of Etdprocal Mgures) have 
been entirely written by him for the present English edition. 
I regret that a long delay has occurred in the appearance 
of this book, due chieUy to pressure of work both on the 
pai-t of myself and Professor CitEMONA. 

I feel sure that the translation will supply a long-felt want, 
and be found extremely useful by students of engineering and 
the allied sciences, especially by those whose work compels 
them to pay attention to graphical methods of solving pro- 
blems connected with bridges, roofSj and structures presenting 
similar conditions. 

THE TRAJJSLATOR. 

Hebiot-Wati' College, Ewsbuhgh. 
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AUTIIOE'S PKEPAOE 

TO THE ENGLISH EDITION. 



A GREAT many of the propositions, whicla form the Graphical 
Calculus of the present day, have been known for a long 
time ; but they were dispersed in various geometrical works. 
We are indebted to Culmakn for collecting and placing 
them at the head of his Graphical Statics ; a branch of science, 
created by him, which is such a powerful help in engineering 
problems. 

The first chapter of this small work, which now appears in 
English, ti'eats of the use of signs in Geometry, as MoebiuS 
conceived them. The succeeding chapters, on Graphical 
Addition and other arithmetical operations, contain chiefly 
the graphical calculation of a system of forces in a plane 
when they are represented by rectilinear segments. The 
research on eentroids, to which the reduction of plane figures 
serves as an introduction, refers equally to the same subject, 
being nothing else but the determining of the centres of 
systems of parallel forces. A special chapter is dedicated to 
Lill'b method of graphical resolution of numerical equations. 

As Mr. Bea.ee expressed a wish to translate my little 
treatise II Calcolo Grafico, and also Le Figv/i^e Redproche nella 
Statica Grafica, for the use of Enghsh students, and as the 
Clarendon Press authorities kindly agreed to publish them, I 
have been happy to give my consent, as I gave it, some time 
ago, to Mr, Lbcdbsdorf for the translation of my Geometria 
projettiva. Whilst reading the translation I have profited by 
the opportunity to revise the test, and to introduce some 
improvements. 

I take the opportunity of thanking both the Translator, 
and the Delegates of the Clarendon Presa. 

THE AUTHOR. 
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ELEMENTS 0? THE GEAPHICAL CALCULUS. 

CHAPTER I. 

THE USE OF SIIJKS IN OEOMETEY, 

1, Let 0, A, X be three points in a given straight line 
{Fig. i), of which and A ai-e fixed points whilst X 
moves from in the direc- 
tion OA. Further let the _o ^ a 

segments {limited portions of ^ 

the straight line) OA, OX -9 -^ _^ 

contain a, x linear units 

respectively*. Then as long — °^ — — — ''■ — ^ 

as X remains between and rig. i. 

A, we have x < a; when 

X coincides with A, s: = a; and as soon as X has passed 

beyond A, we shall have x > a. 

If the point X instead of moving from towards A, were 
to travel in the opposite direction (Fig. 2), the number x of 
linear units contained in 

the segment OX would be Q _4-~ 

considered negative, the 

number a remaining posi- . „„_ . __^_ 

tive. For example, if X 
and A were equally dis- 
tant from 0, we should have m = —a. 

A straight line will always be considered to have been 
described by a moving point. One of the two directions in 
which the motion of the generating point can take place is 
called ^(wi^ioe, the other net/ative. Instead oi positive or negative 
direction, we may also speak of positive or negative sense^ 

When a segment of a straight line is designated by the 

* The linear unit ia supposed to 1ie a aegmeiit of unit length measured in the 
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2 THE USE OP SIGNS IN GEOMETRY. [2- 

niimber (x) of linear units it contains, its sense is sliown by the 
sign + or — of the number x. 

A. segment may also be designated by means of the two 

tetters which stand at its ends ; for exampls AB (Fig, 3). In 

this case we agree to write 

A c 1 AB or BA, according as 

the generating point is 

—,,., ^ ^_ conceived to move from A 

__c____A B to B, or in the opposite 

sense. In accordance with 
this convention, the sym- 
bols ABf BA denote two equal magnitudes of opposite* sense, 
hence the identity 

AB + BA^ 0, 

or AJB = -£A, BA = ~AB. 

Of the two points A, B, the extremities of the segment AB, 

the one A is called the initial, and the other £ the final point of 

the segment. On the other hand for the segment BA, B is the 

initial point, and A the final point, 

2. Let A, £,■ G be three points in a straight line. If C lies 
between A and B (Fig. 3), then 

AB = AC^-CB, 
and therefore ~CB-AC + AB = 0, 

or, since [Art. 1] -CB = BC,md -AC = CA, 
BC + CA + AB= 0. 
If C lies on the prolongation of AB, then 
AB+BC = AC, 
hence BC~AC + AB = <i, 

and therefore BC+ CA + AB = 0. 

And, finally, if C lies on the prolongation of BA, 
CA + AB^ CB, 
hence -CB+CA + AB^Q, 

or BC+CA + AB = (i. 

Wo therefore conclude that f : 

If A, B, C are three points [in any ord,er loJiatever') in a 
atToAght line, the identity 

BC+CA + AB=0 
atwayB holds . 

* Tliatia to aaj, two ma^;iiitvides of equal aiithmetical value Bj but wiih opposite 
algebraieal aigiiB, such as + (f and —a. 
+ MoBlua,Bai^ceBilmcSe,'Cs;c!rf (Leipzig, 1827}, I l.Gesaiimielte Werke, Ed. 1. 
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-6] THE USE OF SIGNS IN GEOMETllY, 3 

3. From this proposition we obtain an expression for the 
distance between two pointe A, JB io terms of the diatanees 
of these points from a third point coUinear with them 
which we choose as the initial point of the segments. In fact, 
since 0, A, B are three points in a straight line, we have 

OA + AB-^BO = <i, 
therefore AB=OB- OA, 
or AB = AO+OB. 

4. li A, B, C, ..., M, iVare « points in a straight line, and if 
the theorem expressed by the equation 

AB + BC+ ... +MN-i-NA = 
is true for them ; then the same theorem is true for « -|- 1 points. 
For if is anothei- point of the same straight line, then 
since between the three points iV, A, there exists the relation 

NA = NO + OA, 
the above assumed equation becomes 

AB + Ba-i-... + NO+OA = 0. Q.E.D. 

Now it has already been proved (Article 2) that the theorem 
is true for « = 3, therefore it is also true for n — 4, and 
ao on. 

5. The sign of a segment AB is undetermined, unless a 
positive segment of the same straight line has already been 
given ; the direction of this latter segment is called the 
positive direction of the atraigM line. 

For two different straight lines the positive direction of the 
one is in general independent of that of the other. But if the 
two straight lines are parallel, we can compare their directions 
and say that they have the same positive direction when, 
after having displaced the one line pai'allel to Itself until it 
coincides with the other, the two directions aj"e found to be 
identical. 

Hence it follows, that two parallel segments AB, CD have 
the same or opposite signs, according as the direction from 
-i^ to 5 coincides with the direction from C to I), or not. If, 
for example, ABC'D is a parallelogram, then 

AB^-CJD = 0, and BC + BA = 0. 

If we draw through n given points of a plane .^j, A.^, ...vA,,, 
segments A^A-^', A.^A^, ..., A,^A„' all parallel to some given 
direction in the plane until they intersect a fixed straight line 
Af'A.f ... A,', then the sense of one segment deterroiues that 
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4 THE USE OF SIQKS IN GEOMETEY. [6- 

of all the others. Two segments A,.A^', A^A,' have the same 
or opposite sense, according as the points A,., A, lie on the same 
or opposite side of the given straight line A^A^' ... Aj. 

Two equal parallel segments, with the same sign, are called 
eqidpollent, after Bellavitis. 
~€ry^, B, C, I) are four coUinear points, ice have the ■klentity 

AD.£G-\-BD.CA-\-CD.AB=0. 
For the segments BC, GA, AB can be expressed as follows, 
BC^BTJ-CB, 
CA = CB-AB, 
AB = AB--BB; 
now multiply those three equations by AD^ BB, and CB re- 
spectively and add the results, the right-hand side vanishes, 
and we obtain the identity we wished to prove. 

7, Let p, g, r be three straight Knea intersecting in the 
point (Fig- 4)- Through any point Jf of the plane di'aw a 




transversal, cutting p, q, r in A, B, and C respectively: then 
from the proposition just proved, we have 

MA.BC+MB.CA + MC.AB=Q. 

Now draw, parallel to the transversal ABC, a straight line 

cutting p, q, r in the points P, Q,R; then the segments BC, 

CA, AB are proportional to the segments QB, RP, and PQ, 

respectively, and the above equation may therefore be written 

MA.qn^MB.RP + MC.Pq = 0. 
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-7] THE USE OP SIGX3 IN GEOMETEY. 5 

If we now draw through any other point M' a new 
transversal in tbe fixed direction PQR, cutting p, q, r in 
A', B', and C, we have similarly 

M'A'.QR + M'B'.'HP + M'C'.Pq = 0; 
that is to say : 

If we clraw, tlwov^li any point M, in a ffwem dii-ection, a trans- 
versal wkioA cuts three given conemrent straight Unes in A, B, C 
respectively, then the segments MA, MB, MC are con-neeted by the 
relation 

a.MA + b.MB + c.MC=Q, 
•where a, b, c are constants. 

From the point M let fall perpendiculars MD, MB, MP 
upon the three straight hues p, q, r ; and also from some 
arbitrarily chosen point 8 of the line PQP perpendiculars SU, 
SF, SJ^upon the same given straight lines. Then since the 
trianglea MAD, SPXJ are similar we have 
MA:MD = SP:SU. 

SP 
Therefore MA = -^ - MB, 



and sirailfu'ly 


MB^^-MS, 




MC^f^.M.. 


The equation 




MA. 


QR + MS.EP + MC.Pq = 0, 


may therefore be written 


...«--.„.-■;«.,./«- 



that is to say ; 

If we drop fiom any point M perpendiculars MD, ME, MFupon 
three concni'rent straight lines, the following relation holds 

a.MD + ^.ME+y.MF^ 0, 
Vjhere a, /3, y are constants. 

The hnes MB, MB, MF, instead of being perpendicular to 
the given sti-aight lines, may be incHned to them at any 
the same arbitrai-ily chosen angle ; we should then obtain a 
relation of similar form, by merely altering the values of the 
conatanta a, j3, y; the proof however remains the same. 

The proof does not necessarily presuppose that the intersec- 
tion of the three straight hnes^J, ^, r lies at a finite distance ; 
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6 THE USE OP SIGN9 IN GEOMETRY. [S- 

the proposition is therefore true even if the three given straight 
lines are all parallel to one another. 

8. A plane has two sides "which face the two regions into 
which it divides apace. Let a perpendicular be drawn through 
any point of the plane, and let the positive direction of this 
perpendicular be fixed. If 01 be any positive segment of this 
straight line, then tho region in which I lies ia called the 
positive region, and the side which looks toward I is called 
the positive face. 

Now let an observer, standing with his feet at 0, and his 
bead at I observe a rotational motion in the plane (Fig. 5) \ 
this can take place in two senses, either irom left to right [dex- 





Fig, 6. 

trorsum, in the sense of rotation of tho hands of a watch], or 
from right to left [sinistrorsum]. The former sense is called 
positive, the latter negative. 

Let P,Q,S be three points on a cii"cle in the plane (Fig. 6); the 
points P, Q divide the circumference into two arcs PQ, one of 
which contains R. If we take as positive the sense in which 
one of the two area has been described, the other arc has 
negative sense. If we fix the poaitive arc PQ, then the 
sense of any arc, and of any rotational motion in tlie plane 
wiU be fixed; and thereby the poaitive face of the plane is 
also fixed, as it is the one on which the observer must stand 
in order that the positive arcs may seem to him to be 
described in the sense of the motion of the hands of a watch. 
The jjo^i^ife seme of a plane is that of its positive arcs. 

0. Let a, i be the positive directions of two straight lines 
in a plane, intersecting in the point (Fig, 7), and let OP, 
OQ be two positive segments of these straight lines, each of 
length equal to unity. By the angle «S between these two 
lines, wc mean the circular arc PQ described in the positive 
sense of tho piano. In order that the angle may be fixed 
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it is necessary to fix both the positive directions of the two 
straight lines and the positive sense of the piano; but we 
may add to any angle any number of 
complete rotations either positive 
negative, i. e- (if m is an integer), 

If OA, OB are two positive 
of tho straight lines a, b, the angle afj 

can also be denoted by OA . OB, or 
morebrieiiyby JOfi. 

The sum of the angles ab, ha is equal 
to any number of complete revolutions ; 
we may therefore write 

ah-^ha = 0, 
or ba = ~ah, or ah ■=. — 

that is to say, ah and ba can be regarded 
and opposite sense *, 

This leads us to consider the positive rotation ah 
lent to the negative rotation —ba; or in other worde 
ah is the circular arc .PQ described in the positive Si 
plane, or the circular arc §P described in the neg 
and then taken with the — sign : PQ = — <^P. 

A negative angle is one described by a negative rotation, or 
by negative arcs. 

Analogously we have 

AOB^BOA^^; 
that is, AOB, BOA are two angles of equal magnitude and 
opposite sense. 

10. Let the directions a,h,e oi three straight lines in the 
plane be given, and suppose them to be drawn from the same 
point 0, and to be extended on only one side of it, for the 
angle between two straight lines is im 
absolute position. Then if in turning round in the 
sense of the plane, we meet with the three straight 
the order acb (Fig. 8), we have the identity 
ca = cb + ha, 
—cb + ca — ba = 0. 
~ c5 — he, —ba = ab, 

bc + ca + ab = 0. 
r.TZEE, Aiitil^. Geomctrie, 5 9. 



Fig. 7. 



s of equal magnitude 



as equiva- 
, the angle 
snse of the 
itive sense 



of their 



hence 
But 
and therefore 
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8 THE USE or SIGNS IN QEOMETET. [11- 

If the order of the succession is ale (Fig. 9), then 
bo + ca = ha, 
or bo + ea—ha = 0, 

and therefore ic-\-ca-^ab = 0. 
Accordingly we have this proposition : 

If a,h,o are three straight lines in the same pUm, in any 
order whatever, ike identity 

Ic + ca + ai = Q 
IS always true. 





Fig- g- 

11. From this we obtain, by a procedure similar to that for 
segments (Art. 3), an expression for the angle between two 
straight lin^ a, h, in terms of the angles, which they make 
with a third straight line 0, taken anywhere at pleasure in the 
given plane. In fact if 0, a, i are directions in one and the 
same plane, we have 

oa-\-ah + lo = 0, 
therefore al = ol—oa, 

or aS = 00 + ob. 

12. Three points A, S, C which do not lie in one straight line, 
are the vertices of a triangle (Fig. loj. Let us consider that 

we pass round its peri pher y con- 
tinuously, that is, pasmig through 
each point once and through no 
point more than once : then each 
vertex is the final point of one side 
and the initial point of the follow- 
ing side. This can be done in two 
waySjtiiat^tosayin two opposite 

directions ; namely in the sense ABC or in the sense ACB. 
The sense BOA or CAB does not differ from ABC, and 

similarly neither CBA nor BAG is different from ACB. 
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The area of the triangle lies to the right or to the left hand, 
according aa we go round the periphery in the positive or 
negative sense ; for this reason we consider the areas ABC, 
ACB as equal but opposite : the first as positive, the second 
negative. We may suppose the area ABC (or ACB) to be de- 
scribed by a revolving line of variable length, of which one end 
is fixed at A, whilst the other describes the segment BC (or 
CB). Now this rotation takes place in the positive (or nega- 
tive) sense of the plane ; for this reason also we consider the 
area as positive (or negative) *. 

The necessary and sufficient condition that three points 
A,B, Cmay lie inonestraight line, is that the area ^.SC is zero. 

13. Proposition. If is any 

point wkatetjer, iii the plane of the 

ffiai^k ABC (Fig. ii),we alwai/s 

Itave the identity 

OBC + OCA -I- OAB = ABC f. 

Proof. If lies within the 
triangle ABO, then of course 
the latter is the sum of the 
triangles OBC, OCA, OAB. 

If lies within the angle 
BAC, but upon the other aide 
of BC, we have 

OCA+ OAB- OCB = ABC ; 
but OCB = - OBC, 

therefore OBC + OCA + OAB = ABC. 

Finally, if lies witliin the opposite vertex oiBAC, we havu 

OBC- OAC- OBA = ABC, 

and hence OBC-\- OCA + OAB = ABC. q. e. d. 

It follows from the remark at the end of Art. 12, that if 
A, B, C arc three points in a straight line, then wherever 
may be wc have 

OBC+OCA-[-OAB=0. 

14- It follows from this proposition, that the area of the 
triangle ABC may be regarded as generated by the motion of 
a revolving line of variable length {radius vectw), of which one 
end is fixed at [the pole), whilst the other describes the 




Kg. I 



+ Ibid. 5 1. 
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e denoted by the given expres- 




OJB-^ 



periphery (outline) in the s 
sion ABC. 

This remark and the above proposition would reraain un- 
altered, even if BC were no longer a segment of a straight 
line, tut an arc of a curve *. 

15.-5^ h auT/ point whatever- in the plane of the parallelogram 
ABCD (Fig. 12), we have 

OJB+ OCD = ^ ABCD, ■ 
For, using S to denote the point, in 
which the side BC is cut by the 
straight line, drawn through 
parallel to AB, we have (Art. 1 3), 
MB+SBC+SCA = ABC. 
But SBC = 0, SCA = SCB, 
SAB = OAB, SCB ^ OCD, 
therefore 
t- OCB = ABC ^ ^ ABC3). q. e. d. 

Since \ABCD = DAB, tlie above equation may also be written 
ODC= OAB -BAB. 
16. Let (Fig. 13) p, q, r he three straight lines, which form a 
triangle ABC ; and let and M be two points in its plane, of 
which the first is considered as 
fixed or given, and the other as 
vaiiable. Draw from the points 
and 31 to the straight line p in 
any direction the two parallels OU, 
MB, and similarly to q the paral- 
lels OF, MB, and to r the paral- 
lels Olf, MF, also in any directions 
whatever. 

The areas of the triangles OBC, 
MBC are proportional to the dis- 
tances of their vertices 0, M from 
the common base BC, and therefore 
also to the segments GU, MD; 
hence we have 
OBC: MBC = OU-.MD, 




Kg. 13. 



i.ifSC, CA.ABw 



cs, whidi do v 
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, OCA „^ 



■ MF. 



OW 
But from (Art. 1 3) 

MBC + MCA + MAS = ABC, 

OBC ,,„ OCA ,,„ OAB „_ ,_„ 
therefore - — • MJ)+ -~ .MS+ —— .MF= ABC. 

If we vary the position of the point M in the plane, whilst 
keeping the directions OU, Of, OW fixed, then in the above 
equation only the lengths MB, ME, MF change ; we obtain 
therefore this Theorem : 

^ tee tk-aw in gwen. direetims from any point M in tlie plane 
of a given triangle, the straight lines MB, ME, MF meeting the sides 
of this triangle, then these straight lines are connected by the relation 

(t) a.MI) + ^.3IE^y,MF=h, 
the quantities a, 0, y, 8 being constants. 

The proposition is still true if two of the three given 
straight lines ^, q, r are parallel to one another. For example, 
let ^, r be parallel, and let us draw a straight line s, which is 
parallel neither to q, r, nor to p. If now we draw through 
any point M, in directions chosen at pleasure, the straight 
lines MB, MF, MF, MG to the straight lines p, j, )■, s, then 
from the proposition just proved, since p, q, s form a triangle, 
MB, MF, MG are related by an equation of the form (f), 
which may bo written thus 

a.MB + ji.3IE+MG = -6; 
and similarly since p, r, s form a triangle, we shall ohtairi 
a relation of the same form 

a'.MB + yMF+MG = h'. 
between MB, MF, MG. 

Subtracting this equation from the foregoing one, we have 

{a-a'}MB + IB.Mi!-y.MF^5-h', 

that is to say, MB, ME, MFs.ve also connected by a relation of 

the form (f). (J,!:. X). 

This proposition is a generalisation of the one (in Art. 7) 
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concoming three straight lines p, q, r which intersect in a 
point situated at either a finite or infinite distance. In the 
special case mentioned the constant 5 ia zero. 

17. We shall call that line a circuit which a point describes 
whilst it moves in a plane from one position (the initial) to 
another position {the final) continuously, that is without 
ever leaving the plane. The circuit is closed if the final 
position coincides with the initial position ; it is open if this 
is not the case. If the circuit intersects itself, we call the 
points of intersection nodes, and the circuit a self-euUmg me. 

If the circuit is formed of rectilinear segments, it is said to 
h^ polygonal, or simply 9. polygon. 

Any circuit can be described, like the periphery of a triangle 
(Art, 12), in two opposite senses. In order that the sense 
of a circuit may be fixed, it is sufficient to know the order 
of succession of two points of it, if the circuit is open, and o! 
three, if it is closed. 

18. A closed circuit without nodes encloses within itself an 
internal finite region of the plane, and divides it from the rest 
of the plane, which ia external and infinite. The area bounded 
by the circuit is the measure of the interior region, and it 
is considered to be positive or negative, according as it lies to 
the right or left of an observer on the plane, who passes along 
the circuit in the given sense. 

19. Proposition. If ABCD...MI^A {Fig. 14) is any closed 
cireuit^ and anoint in its plane, then the sum of all tAe triangles 
[or sectors), 

S = OAB + OBC+ OCD + . . . + OMN-{- ON A, 
is a constant quantity for any position whatever (ft7ie pole 0*. 

Proof. Let C be another point in the plane ; then from the 
proposition in Art. 13, 

O'AB = OAB+OBO'+OO'A, 
O'BG = OBC+ OCO' + OO'B, 
0'CD= OCD+ 0I)0'+ OO'C, 

&c. &c. 

0'MN= OMN+ONO' + OO'M, 
O'NA = ONA + OAO' + OO'N. 

■' MoiiiL-E, Baryc. Ccdcid, 5 165, Gee. Warke, Bd. 1 ; Statilc CLeipzig, 1837), 
5 J5, Ges. Werke, Ed. 3. 



y Google 



THE USE OF SIGKS IN CEOMETEY. 



13 



Adding we have, 

O'AB + O'SC + O'CD + . . . + 0'MN'+ O'NA 
= OAB+ OBC+ OCB-v...^ OMN+ONA = 2, 
since all the other terms cancel, because they occur in pairs of 
equal and opposite terms, as, for example, 00' A and OAO', OO'S 
and OBO', and so on. Wc may consider the magnitude 2 as 




Kig. ■ 



generated by the motion of a revolving line OX (radius vector) 
of variable length, which has one end fixed at the pole 0, 
whilst the other describes the given cii'cuit in the given sense. 

20. If a radius vector© Z be rotated in a given plane about 
a fixed point 0, and if it pasa over any point of the given 
plane, we shall call <Jb,e passage, positive or negative, accord- 
ing as the radius vector F in passing through is in the 
act of describing a positive or negative rotation. 

Lemma. If a radius vector ©J", moveable in a plane about 
a fixed point 0, stEirtii:^ from the original position ®A, 
desei'ibes successively the angles ai, a^i &c,, &c.,.., and if after 
having passed p times positively, and « times negatively, 
over a given point it returasto its originalposition0J, then 
the difference p—n is independent of the order of succession of 
the angles a. 

It will be sufiicient to show, that if we interchange a^, a^+j 
the difference ^—?; is unaltered. We are at liberty to suppose 
that the angles a are less than 1 80°j because if a, were gi'eater 
than 180° we could divide it into parts each less than 180^ 
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If a^ and a^^i are of the same sign, the radius vector &Y 
will either describe the angle a^+Ur^i, or the angle a^_i_^ + a^, 
hence it wUl pass over the same positions and in the same 
sense ; and therefore neither p nor m will be changed. 

Now suppose that a^ and «,.+i are of opposite sign. Before 
the interchange, let U3 suppose that at the completion of the 
angles a^i, o,, %+i, the moving radius vector takes respec- 
tively the positions ®Y,._j, &T,., 01;+, (Fig. 14a}, and after 
the interchange at the completion of the angle q^+i let it take 
up the position Y/. Then, if the point lies in one of the 




angles K, 0T,.^i ~ ^r-i® K' — "c+n the interchange will de- 
crease or increase by unity each of the numbers p, n. If. on 
the other hand, lies outside these angles, both these numbers 
will be unaltered. In every case therefore the difference /i — j; 
ia unchanged. 

Corollary. — The difference p — n is equal to the number 
(positive or negative) of revolutiona contained in the sum 
0,-1-02 + ... In fact, let K.360-}-ybe the sum of the positive 
a's,and — (i360-|-y') the sum of the negative q's. Now y and 
y' are each less than 360°, and as the final position of the 
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i-a,dius vector © Fis supposed to coincide with its original posi- 
tion A, we must necessarily have y =y'. But by virtue of tlie 
preceding lemma the difference p — n will remain unaltered 
if, instead of describing the angles a-^, a^, og, &c., in succession, 
we describe the rotation y—/ 4-^ 360" — ^360°, or the rotation 
A 360" —^360" (as the equal and opposite angles y and — y can 
be neglected) since this leaves the numbers p, n unchanged, or 
increases or diminishes each of them by unity. Now, in describ- 
ing each of the & (or h) positive (negative) rotations, we make a 
positive (negative) passage through the point ; therefore 

21. Theorem, Let any given closed circuit whatsoever, in 
a plane, be described in a given sense by a point X, returning 
to its original position, after having passed over all the points 
of the circuit. Take a point in the plane, and let 2 be the 
algebraic sum of the sectora described in succession by the 
radius vector OX. Then the sum 2 remains constant 
wherever may be taken *. 

Lot us imagine the plane divided by a close network of 
lines into very smaU areas, which we shall call elementary areas, 
so small that the circuit does not pass through the interior 
of any one of them, with the exception of those that form part 
of the contour. If while the point X describes the circuit it 
happens that the radius vector OX in passing through certain 
positions changes its sense of rotation, we shall suppose that 
the straight lines forming these special positions of the radius 
vector form part of the network. Then it is not possible for 
any elementary area to be partially described by the radius 
vector OX, but it will be either totally described or not at all. 

Having premised this, then, during the whole movement of 
the point X in the circuit, let any elementary area whatever co 
be described by the radius vector OX^p times positively, m times 
negatively. Then the area w will be contained p—n times in 
2, or 2 will be the sum of {p—n) w extending over all the 
elementary areas of the plane. It will be therefore sufficient 
to show that the coefficient p—n does not vaiy with the 
pole 0. 

* Db Moegam, Exlennioa of the nord area, (Cmnbridge and Dublin MaUi. 
Jgurnal, vol. v. 1850). For tie treatment of this nrgTimeiit the aattor is indebted 
to the aiig^estiojia of Professov Gabrisle Tordli, of Kaples. 
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If we join the point X to a point © taken inside the area 
IB, and if we produce the straight line @X beyond ©, for 
example, to meet the circuit in Z, then it is evident that every 
time the radius vector OX describes the area <u in one sense, the 
straight line ©Tpasses through in the same sense, and con- 
versely. Therefore the number of times OX passes through 
(o will be equal, in sense and absolute value, to the number of 
times ©J passes through 0. Therefore if (k—A) 360° are the 
number of complete rotations of the radius vector Y, the co- 
efficient of the elementary area w in the sum 2 will be ^—/r-, 
that is, is independent of the pole 0. 

22. A given closed and self-cutting circuit (Fig. 15) divides 
the plane into a definite number of finite spaces 5[, K^,... 
contiguous to one another. Each of these is bounded by a 
circuit without nodes ; so that the whole plane consists of 




these spaces and of the remaining (external) infinite region, 
which latter we shall denote by S^. 

Let 0) and to' be two elementary areas or elements of the 
plane, which can be joined by a sti'aight line that does not 
cross the circuit, and let us take the pole upon the con- 
tinuation of the straight line iu'&>. It is evident that the 
radius vector OZ cannot pass over w' without at the same time 
passing over a in the same sense; to and m' will thei'efore enter 
into S with the same coefficient. The elements &i", o)'"... have 
also this same coefRcient, if the circuit does not pass between 
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<!)' and &)", or between lo" and, &)'", &c. Since we can thus 
conjoin all the elements in anceession of one and the same 
space S, therefore all the elements of S wiU appear in the 
sum 2 with the same coefficient c That is to say, S appears 
in the sum 2 with the coefficient c. If therefore Cj, c^,.., are 
analogous coefficients for the spaces S^, t%, ..., we have 

if we understand that S^,S^,... at the same time express 
the areas of the spaces represented by these symbols. 

Next let a», o>i be two elements, between which the circuit 
passes once ; and let m lie on the right and w^ on the 
left of the circuit which passes between m and uij, in the 
given sense. Take the pole upon the continuation of the 
straight line w^w. ..; now if X traverses that part of the 
circuit which lies between m and w^, the radius vector OX 
will describe w once with a positive rotation, without describ- 
ing (Oj, whilst for all other parts of the circuit the elements w 
and tuj wiU be described simultaneously in the same sense. 
The coefficient of to will therefore exceed that of Mj by 1 ; 
that is to say, if in passing from one space to a neighbouring 
one we cross the circuit once from right to left*, then 
the coefficient of the first space exceeds that of the other by 
unity. 

The infinite region 8„ has the coefficient zero ; for if (o,, is 
an element, which hes outside the spaces S^, S^, &e...., then it 
is clear, that we can give the pole such a position, that 
the (finite) radius OX never passes through uiq, wherever X 
may lie on the circuit. 

Any space from which we can get to Sq by crossing the 
circuit only once, has the coefficient +1 or —1, according 
as the crossing takes place from right to left, or from left to 
right. In general if wo draw from a point in any space S a 
straight hue to a point of S^., and if this straight line crosses 
the circuit m times from right to left and n- times from left to 
right, then the coefficient of S is equal to m—n. 

23. If the circuit has no nodes, wo have a single finite space 
S, and this has the coefficient +1 or —1, according as the 

* From right to left is always to be taken in tlie sense of a person deEOiifcing 
the circuit in the givea sense ; the particular eeuee is indicated in the figure 
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circuit has been described positively (Fig. 15 «) or negatively 
(Fig. 15S). In this case therefore we have 

2= ±S, 
that is to say, If ike circuit is not a self-cutting-me then ike mm 
2 w tAe area of the apace enclosed ly the circuit. 




This property naturally leads us to consider the sum 2 as 
defining the area of any self-cutting circuit*. 

24. A self-cutting circuit can be decomposed into circuits 
which are not self-cutting, hj separating the (curvilinear) 



angles, formed hy the branches which intersect at each nodej 
v/ithout altering at all the sense {i. e. the direction of the arrows) 




of the branches themselves. Consider, for example, Figs. 16 
and 17; in each a self-cutting circuit is resolved into two 

* Besidea the paper by Db MobgaB previously mentioned, see MoBIua, Uehw 
die Sestimmung des Inhalts eiae$ Polyeders [Beriohte dev Kiimgl. SacheGeselleeh. 
der WisBeuBcliaften zu Leipsig, 1366), % 13 and foUowing ; Gtes. Werke, Bd. 2.] 
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simple ones; also Fig. 18, where a self-cutting circuit h 
resolved into four simple ones. 

The spaces with negative coefficients are in this way 
1 from those with positive coefficients ; and of two 




spae^ whose coefficients have the same sign, the one whose 
coefficient is greater in absolute value, lies wholly within 
the other. Thus, for example (if we denote by S^ the space 
whose coefficient is r), S.^ is inside 1?^^; S^ inside S.^,..., S., 
inside <S_j,.... Hence it follows that the area S can be ex- 
pressed as a sum of spaces, which all have positive or negative 
unity for their coefficient. For this purpose it is sufficient to 
take the area S^ once for itself, and once more with the 
area S^_^, within which it lies; that is to say, wo sum the 
spaces S^ and ^^^-i + ^i- instead of 2 5^ and S^_i, and so on. 
Consider for example {Fig. 18) where the' area is equal to 
S^ + (5, + S3) + (5i + S^ + S^) - S_*. 
By the area of a system of closed circuits we understand the 
algebraic sum of the areas of the single circuits. Thus, for 




i, the ring inclosed between the two oval curves in Fig. 
1 9 is the area of the circuits ASC, A'C'B ' ; on the other hand, the 
♦ Cl'LMANK, GfapiiscJie Staiik, 2d ed, (Zurieli, 1H75), N"''. 26. 
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ai-ea of the circuits ABC, A'B'C {of Fig. 20) is equal to that ring 
plus twice the internal area A'B'C. In both cases we can sub- 
stitute for the two circuits a single one AA'C'B'BCA (Fig. 19) or 
AB'C'A'BCA (Fig. 30}, where the points B, B' are considered 
as infinitely near to A, A' respectively. In (Fig. 2i) the two 




Fij,.. .1. Fig. 22. 

circuits intersect; the area of the aimaiifi ABC, A' B'C is equi- 
valent to that of the circuits AA'B'C, ABB'C. In Fig. 33 the 
area of the circuits ABC, A'B'C is equivalent to that of the 
circuits ABA'B', AC'A'CA. The two cii-cuits can, in each 
case, be replaced by a single one. 

25. If the two closed polygons C1)E...M, C'D'E'...M','m& 
plane, have their sides CD, CD', BE, B'B,' ... MC, M'C re- 
spectively equipollent, the sum of the parallelograms CDB'C 
BEE'I)' ... MCC'M' is zero. It will be sufficient to prove 
this for the case of the triangle CBE. 

Taking B as the pole of the contour GC'B'E'E, we have 
from the theorem of Art. 1 9, 

BCC'+BC'B' + BB'E' + BW'E-^BBC = CC'B'E'E. 

But the two first triangles together form the parallelogram 
BCC'B'; similarly the third and fourth triangles form the 
parallelogram EDB'E'. Also 

CC'B'E'E-BEC = CCB'E'E-B'E'C = M'ECC, 
which is a parallelogram. 

Wherefore : 

BCCB' + EBB'E' +CEF/C' = 0. 

From this it follows that if CBE ...Mia a closed polygon 
whose n sides are the bases of n triangles whose vertices are the 
points A-i Jj^,..A^, respectively, (which are taken anywhere in 
the plane of the polygon,) the sum of the triangles 

A^CB + A,BE+...+A^MG, 
does not change when the polygon is moved parallel to itself in 
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its plane. In fact, if C'B'E' ...M' is another polygon, whose 
sides are equipollent to those of the given one, we have 

A^CD = A^C'D'-^C'DI)', 

A^DB = A^B'E'+B'EE', 



A,MC= A,M'C'+M'GC'; 
ning up we have, 
A-^CI) + A^I)E-\- ... A„MG = A^C'D' + A^I)'E' -^ ... , 
because, as we have shown above, the sum 

2{C'DE' +I}'EE' -\- ...M'CG'} 
is equal to zero. 

26. Theorem. If the reciilinear segments A^B-^, A^B^, 
J^B^, ,,, A„B„ of given magnitude and position in a plane are 
equipollent to the sides of a polygon (i e. of any reciilinear closed 
circuit, wlietlier eelf-cuttmg or not), tJi,e% the sum of ike triangles 

0^1^,+ OA^B^+OAsB^+ ... + OA^B„, 

is constant wherever the pole may be taken, at a finite distance. 

. But if the given segments are not equipollent to the sides of a closed 

polygon, then this snm is not constant except for such points 0, as 

are equidistant from a fixed straight line*. 

Proof. Construct the crookgd line CBE . . . MN, of which the 
successive sides CB,1)E, ... MN ave respectively equipollent to 
the given segments A^B^, A^B^, A^B^, ... A„ £„ ; so that the 
figures A^B^BC, A^B^EB, ... , A^B^NMaxe parallelograms. 
Then from (Art. 15), 

OA^B^= OCB~AiCB, 
OA^B^= OBB-A^BE, 

&c. &e. 

OA^£„=OMN-A„MN, 
and also ft-om the proposition in Art. 19 

OCB-vODE-^... OMN+ONC = GBE...MNC, 
hence by addition we have 

OA^B^+OA^B^^-... +OA„B„= CBE ... MNC+OCN 

~{AiCI} + A^BE+...+A,JIN). 
If the given equipollent segments form a closed polygon, 
that is, if the point iV" coincides with C, then the area of OOJV 
is zero, provided that the point remains at a finite distance, 
and therefore the sum OA^Bi+ 0A^B2+ ... + OA„B„ 
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has a value independent of the position of 0. Hcnco it 
follows that, in the special case where CN is zero, the above- 
mentioned Bum either has the value zero for every point of 
the plane, or else it vanishes for no single point (lying at a 
iinito distance). 

If iV" does not coincide with C, the above sum will remain 
unaltered, so long as the area of the triangle OCN does not 
alter ; that is, so long as the point remains at the same 
distance from the straight line CiV", 

If we change this distance, and take a new pole 0', we shall 
have 

0'A^B^-\-0'A^B^+... + 0'A„B,,= CDE ...NC+O'CN 

Take the pole 0' at such a distance from CiV, that the 
area of the ta^angle O'CN ia equal to 

A^CJ) + A^BE-\-...+A„MN~CDM ...NC, 
then the sum 0'A^Bt^+0'A^B^ + ... + 0'A„B„= 0. 

The straight lino (parallel to CN), which is the Iocub of those 
points 0' for which this sura is zero, we call /. If we take 
the point C, i.e. the arbitrary initial point of the crooked line 
CBM ... , upon r, then the area of O'CN is zero, and therefore 
the sum of the triangles 

AiC2) + A^BB+ ...+A„MN 
is equal to the area CBE . . . MNG. If we keep to thifi choice of 
C, i.e. if we agree that G shall be a point in the line r, then 
for any point whatever we shall have 

OA^ B^ + OA^B^+... = OCN. 

27. Conversely, if the sum OA^B-^, OA^B^, &c. ... is the 
same for every point in the plane, the segments A^B^, 
A^B^, &e. ... are equipollent to the sides of a closed polygon. 
If there are two segments, they will therefore be parallel, 
equal, and opposite in sense. If we take the point on one 
of them, we see that the sum is half that of the parallelogram 
formed by the two segments. 

28. In the special case, whore all tho given segments meet 
in a common point C, the sum of the triangles 

AiGB + A^BE+ ... +A„MN, or else CBE+... + GMN 
is identical with the area of the polygon (?Z>^...i\'C (Art. 23); 
and therefore the common point C must also bo a point in the 
straight line r. This is tantamount to saying that in this case 
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/ coincides with the straight line CN, which joins the ex- 
tremities of the crooked line CDB ... MN. 

The same conclusion holds good if the given segments lie 
upon straight lines, which all intersect in the same point G ; 
since we can substitute for the triangle OA^B, the triangle 
0GB',., because the segmente A^B^ and Gl^^ lie on the same 
straight line, and are equal to one another in magnitude and 
similar in direction. 

29. From this property of the straight line r, for the case 
where all the segments lie upon straight lines which meet 
in the same point, we obtain a construction for the straight 
line r in the general case, when the . segments lie anywhere 
upon the plane. 

Let C be the point in which A^ B^ and A^B^ intersect. With 

G as the initial point construct the triangle CDE, whose sides 

CI), US are equipollent to the straight lines A-^^B-^, A^B^ ; then 

from what has just been proved for every position of the point 

OCE= OA^B. + OA^B^. 

Now let P foe the point, in which CB cuts the straight line 

AgB^ ; with F as initial point construct the triangle PQR, whose 

sides PQ,, QB are equipollent to the segments CB, A^B^, then 

OPB= OCS+OA^Bs = OA,B, + OA^B^ + OA^B^. 

And so we proceed continually until we ultimately reach a 
segment AS such that 

DAB = OA^B^-\-OA^B., + ... + OA,B„. 
This segment AB lies on the required straight line )■, and is 
equipollent to tho straight line GN, which joins the extremities 
of the crooked line CDE ... MK, whose sides are respectively 
equipollent to the given segments. 

30. As in the genei'aJ case, when CN is not zero, all the 
points 0, for which the sum 

OA^B^-\-OA.^B^-\-... OA„B„ 
has the same value, lie upon a fixed straight line (par. 2Gj, so 
there is only one straight line r, the locus of the points 0, for 
which tho above sum is zero. Hence it follows, that whatever 
be the order, in which we take the given segments in the 
above construction, we shall always arrive at one and the 
same straight line r. 
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31. To geometrically add or combme a number of segments 
1,2, 3 , . , . , « given in direction and magnitude, we must con- 
struct a polygonal circuit, whose sides, taken in order, are 
equipollent to the given segments (Fig. 23). 

The straight line Si,,..,ii which joins the first and last 
points of the circuit so constructed, is called the geomeiiieal sum 




23. mg. 34. I'ig, =5. 

or resultant of the given segments * ; and these are called its 
components. If the given segments are all parallel to one 
another, the polygonal circuit reduces to a straight line, 
segments 01, 12, 23,... (Fig. 24), or 11,22, 



1838), p. 35. 



I, Saggio di GsimieUiii Analitica, iraitaia a 



■0 melodo (Run 



y Google 



GRAPHICAL ADDITION. K'a 

... (Fig, 35) are respectively equipollent to the given 
In this ease the resultant of the given segments is 
identical with their algebmical sum. The two figures show 
two different methods of denoting a series of segments which 
follow one another consecutively upon a straight line. 

32. From the definition given above, it follows that the 
resultant »i, .,.,„ of the w given segments 1,2,3, ..,,n is iden- 
tical with the resultant of the two segments ■'i,,,,,,- ^r+i,..,,,,, of 

which «i ,. is the resultant of the first r given segments, and 

s,+i „ of the n~r remaining segments. For since the 

straight lines «i,...,» ajid «j ,. start from the same point as 

the segment 1, and the straight lines Si„..,„ and s^+i « ^nd 

in the same point as the segment n, therefore the straight line 

Si „ begins at the same point 

with *!,,.. ,r and ends at the same 
point with «r+i, ■.-,«■ 

Fig, 26 corresponding to » — 8, 
and r = 5, shows that the result- 
ant of the segments 1,2,3,4,5, 
G, 7, 8 coincides with the geo- 
metrical sum of two components, 
one of them the resultant of the 
segments 1, ..,, 5, the other the 
resultant of the segments 6, 7, 8, 

From this we infer that, if we 
divide the given segments [always 
taken consecutively, i. e. in the 
given order] into any number of gi-oups, and if we sum the 
segments of each group, the sum of the partial resultants 
thus obtained will coincide 
with the lefoultant of all the 




33 T/e esultaatofan mher 
of g yen, sej e ts u ndepe h t 
of the joe I on of the j)0 f as 
umed a tie i i -al 10 i of 
thecT t 

In fact the circiits drawn 
from two difteient initial points, and 
similar and similarly situated (congruent) fi; 
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second may be found by moving the first parallel to itself, so 
that each of its points describes a straight Hae equipollent to 
the sti-aight line 00^ (Fig. 37). 

34. TiiEOEEM. TAe resultant Si,...,n of several given segments 
1, 2, 3,.,., n is independent of the order m whieh they are 




Proof. We begin by proving that two consecutive seg- 
ments, for example 3 , and 4 {Fig. a8), can be interchanged. 
In the given order, the roaultant 
.^,,--^_ of all the segments is also the 

resultant of the three partial 

resultante «i,2i*3.4, «5 »■ I^ 

like manner, in the nev/ order, 
the resultant of all the segments 
will be the resultant of the par- 
tial resultants ^i_2, *il,3i ''S,...,B- 
Fig. 38. But *3, 4 and Si^^ are the same 

straight line, namely the dia- 
gonal of the parallelogram, which we obtain by drawing first 
two consecutive segments equipollent to the given ones 3, 
and 4 , and then, stai-ting from the same point, two other 
consecutive segments equipollent to the same given seg- 
ments with their order changed 4'3'. Thus the interchange 
of the segments 3, and 4 has no influence on the required 
resultant. 

If WD interchange first 3 and 4, thon 3 with 5 , and finally 
5 and 4, the total effect is the same as if we had interchanged 
3 and 5 (Fig. 39). In gcn- 
, ,-■■'^■-^4' eral we interchange any 

two non- consecutive seg- 
ments we please by moans 
of interchanges of consecu- 
tive segments. Therefore 
the resultant of any num- 
ber of segments is unal- 
tered if wo interchange any 
two segments we please ; 
or the resultant is inde- 
pendent of the order in 
■e taken to form the figure. 
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Fig. 30 shows several circuits, consbructed with the same 

segments, taken in the different orders 12345, 13234, 
15234. 




Fig. 30. 



35. If a closed circuit can be constructed with tlie given 
segments, then from the proposition just proved it follows, that 
all the circuits obtained by changing the order of the seg- 
ments have this same property. In this case the resultant 
of the given segments is zero, or 

The resultant of any stiimber <f segments vaiiwheg when iliey are 
eqViipoUeni to the mles of a closed polygon. 

The simplest case in which the resultant vanishes is that of 
only two segments, one of which is equipollynt to the other 
taken in the opposite sense. 

36. If, out of some of tho segments whose resultant is 
required, a closed polygon can be 

formed, then all those may be neg- 
lected without affecting the required 
resultant. 

In Fig. 31 the resultant of the seg- 
ments 1 ...9 coincides with that of 
1,2,8,9, because the resultant of 
3,4,5,6,ri3zero. 

If the component segments are in- 
creased in any given ratio, then the 
resultant is increased in the same 
ratio, without changing its direction. 

37. Two scries of segments have equal (equipollent) result- 
ants, if, after constructing the cori'esponding circuits starting 
from the same point the final points of the two circuits coincide 
(Fig. 32). If we combine the segments of the one aeries with 




Fig. II. 
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those of the other taken in the opposite sense, the totai 
resultant ia zero. 

38, Two aeries of segments have equal resultants, but of 
oppoaite sense, when, the corresponding polygonal circuits being 

so constructed that the initial 
point of the second coincides 
with the final point of the flret, 
the final point of the second 
also falls on the initial point of 
the fii-st. If we combine the two 
series of segments, their total 
resultant is zero. Convei«ely, 
if the resultant of several seg- 
ments is zero, and if we apht 
them up into two distinct groups, the resultant of the one 
group is equal, and of opposite sense, to that of the other 
group. 

39. Subtraction is not a distinct operation from addition. 
To subtract a segment 1 from a segment 2 ia the same aa 
adding to 2 a segment equipollent to the segment I taken in 
the opposite sense. 

40, If two series of segments have equal (equipollent) 
resultants, by adding to, or taking away from, both the same 
segment, we shall obtain two new series whose i-esultants will 
also be equal (equipollent)*. 

41. Given a segment AB (Fig. 33), and a straight line r ; then 
if we draw through A and B in any arbitrarily chosen direction 

two parallel straight lines to 
_^g meet r in the points .^' and .B', 

the points A', B' are called the 
projections of the points A and 
5, and the segment A'B' the 
projection of the segment AB. 
The sti-aight lines AA' BB' 
are called the projecting rays. 
The projections of two equipollent segments are themselves 

equipollent (so long as we neither change the direction of r, 

nor that of the projecting rays). 

* The propettiea of Art. 32 and Ait. 40 can be both deduced without further 
proof from those of Art. 30. 
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gether with a 
of opposite Ben Si 
form a system 
lesultant is zero 




Fig- 34- 



42. Let ABC ... MN'J be a closed circuit (Fig. 34), and 
A',B', C", ... M',N' the projections of its vei"tices ; then since 
A', B', &c. are points in a straight line, it follows, from (Art. 4), 
that A'B'-\-B'C'+... M'N'+N'A'= ; i.e. the sum, 0/ the pro- 
jeeiions of the sides of a closed ciroiiit is sero. 

Let A-^Bj^, A^B^, ..., A„B„ be n segments in a plane, whose 
resultant is zero, that is to say, n segments which are e 
magnitude and direction to the sides 
of a closed polygon. Then since the 
sum of the projections of the sides 
of a closed polygon is zero, and since 
the projections of two equipollent 
segments are equal, therefore the 
sum of the projections of the given 
segments will vanish. 

A number of given segments to- 

;egment equal, but 

, to their resultant, 

of segments whose 

Hence the following pioposition 

The piojeeiion of the resulfani of a mcmhe) of gtvm segmenU is 
equalto th-e sum of their pT(yections 

From this we at once conclude that 

If fwo series (f segments have equal resultant'^ the mm of ihe 
pr^eetxffas of ihe segments (f the one series is eqmi to the sum if 
the projections of the segmmts of the otiter 

43 Let A^B^yA^B^, , ^„-B„ be n given ^legments m a 
plane, whose resultant is zero (Fig. 35)- If we take an 
arbitrary point as pole, then we may suppose A^B^ to be the 
resultant of the segments A^O, OB^; therefore the resultant 
of the segments Afi, 0Bi,A^0,0B2,...,A^0,OB„m\lYaaish 
(Art. 38), i.e, the resultant of the segments OAj, OA^, ..., 0A„ 
is equal to that of the segments OB^ , OB^ , ..., 0B„ . 

Conversely. Given two groups of n points ^j, J^, .,,, J„, 
and Bi,B^,...,Bg; if the resultant of the straight hues 
OAi, OA^, ..., 0A,„ obtained by joining any pole to 
the points of the first group, is equal to the resultant of the 
straight hncs 05,, OB^, ..., OB^, got by joining the same pole 
to the points of the second group : then the resultant of the 
segments A^B^, A.^B.,, ..., A,,B^, which join the points of the 
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one group to those of the other, is zero. {It is here supposed 
that the pointa of the one group can only be properly united 
to those of the other, when no point is left out, or used more 
than once.) In fact it follows from the proposition of Art. 37 






Fig. S5. 

that the resultant of the segments ^jO, ^gO, ...,^„0,05j, 
OB^,..., OJi„ ia equal to zero; hut the resultant of ^,,0 and 
OB^ ia A^B^, therefore alao the resultant of the segments 
yfi^i, A^JB^, ...,AB„ is zero. 

44. Hence it follows from the first proposition (Art. 43), 
that when a new pole 0' is a^umed, the resultant of the 

i O'Ai, O'A^, ..., (/A^, is equal to the resultant of the 

Wherefore * 

Ififor two groups ofnpoinl8Ai,A2,.,.,A^; Bi,B^,..,,B„ 
and a fixed pole 0, the resultant of the segments OA^, OA^, ,,., OA^ 
is equal to the resultant of the segments OB-y , OB^ , . . , , 05„ ,■ then 
the same equality holds for any other pole 0'. Moreover the 
resultant of the n segments, which join the points of the one group 
with those of the other taken in any arbitrary order, is equal to zero. 

45, Eetaining the supposition just made as to the two 
groups of n points, project them into the points A^, A^, ..., A/, 
B^, B^, . . . B„' on a straight line r by means of rays parallel 
to any arbitrarily chosen direction. Now talce the pole 
on the straight line j-f, then we may suppose tho ray OA^ to 

* Gbasssian, Die Ausdehimngslehre (Leipzig, 1844), p. 41. 
\ See Fig. 35, and imagine Uie striiaglit line t su liisplaued, that tlie points 
snd 0' ooiiidde. 
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be formed iay combining the two lines OA',, A\A^, and so on ; 
the resultant of the segments OA^, OA^, ..,, OA,', A-^A-^^, 
A^'A^,...,Ja'A„is therefore equal to the resultant of the seg- 
ments OS/, 0_B/, O^a', . . . 05„', S/Sj. , B^'B^ ,..., S„'5„ . But 
(Art. 41) the resultant or sum of the segments 0A{, OJ^, ... 
OAJ ia equal to that of the segments OB^, OB^, ,,., 0£„' since 
all these segments are the projections of two other series of 
segments, whose resultants are equal ; 
Therefore 

Ifforttoo groupsof m poinis AijA^, ^c; Bi,B^,^c. ami a 
fiiBedpole 0, the remltant of the segments OA^, OA^, ^e. is eqtial to 
the remltant of the segments OB^ , OB^ , Sfo., and if lee project all 
the points b^ means of rays parallel to an arMtrarih/ choseti direction 
on to the same straight line, the sum of the projecting rays of the points 
of the one group is equal to the sum of the projecting rays of the 
points of the other group. 

46. So far, we have been speaking of the resultant of a 
number of segments, considering only their magnitude, 
direction, and sense, but not their absolute position. We shall 
now give a more general definition, which includes the 
one previously given (31), and takes account of all the 
elements of the resultant straight line of a number of given 
segments. 

If K segments A-iB^,A^B2,.,.,A„B„, are given (in sense, 
position, and magnitude) their r estdtant will mean a segment 
AB of such magnitude, position, and sense, that, for any 
pole 0, the area of OAB is equal to the sum of the areas 
OA-iB^+ OA^B^+ ... + OA„B^ (2G, 30). 

47. For shortness we shall call the triangle OAB, the triangle 
which Joins the segment AB to 0. The sense AB of this seg- 
ment shows the way in which the circuit OAB is traced out, 
and therefore shows the sense of the area OAB. 

This being premised, our definition may be expressed as 
follows. By the res^dt^xnf of a nvmber of given segments, we mean 
a segment such that the area of the triangle which joins it to an 
arbitrary pole 0, is equal to the sum of the areas (f the triangles 
which join the given segments t'O the same pole. 

Since the area of the triangle OAB does not change, if we 
displace the segment AB along the straight line on which it 
lies, therefore the resultant of a number of segments will nnt 
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change, if we displace each of them in an arbitrary manner 
along the ati'aight linos on which they respectively lie. 

48. We know already from Art. 26 that if we construct a, 
polygonal circuit CDE ... MN, the sides of which are respect- 
ively equipollent to the given straight lines A^B^^, ...,A^B^, 
then its closing side NO is equipollent to the resultant AB. 
If the circuit is closed, i. e. if N coincides with C, but if the 
sum of the areas OAi B^i- OA^ B^ + ...OA^ B„ is not zero, then 
the magnitude of the required resultant is zero and it is 
situated at an infinite distance. If the circuit is closed, and 
the above aura also zero, then the magnitude of the resultant 
is still zero, and its position is indeterminate. In this case 
therefore it may be asserted that the given series of segments 
has no resultant. 

49. But if C does not coincide with JV, then the problem 
is uniquely solved by a segment AB oi finite magnitude, 
situated at a finite distance. As we already know its magni- 
tude, its direction, and its sense, it will be sufiicient, in order 
to completely determine its position, to find one point in the 
straight line of which it foi-ms a part. For this purpose we 
may use either the construction in Art. 29, or else the much 
simpler one following (Fig. 36). 



Kg. 36. 

We begin by constructing a polygonal circuit, with its sides, 
which we shall now denote by 1, 2, ...,», respectively, equi- 
pollent to the given segments ; then their resultant is equi- 
pollent to the segment , which closes the circuit, taken in 
the opposite sense, i.e. it is equal, but of oppo&itc sense, to 
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the segment whieh joins the final point of the aide « to the 
initial point of the side 1. We now choose at pleasure a pole 
[/.and draw from it the rays Uf'^i, P^^a, ..., CT'^o* ^o ^^^ 
vertices of the circuit; where fj.i+j means the vertex which 
is the final point of the side i {equipollent to ^^-S;), and the 
initial point of the side i+1 (equipollent to J^+i ^j+i). 

We next construct a second polygonal circuit with its 
vertices 1, 2, ,.., re lying respectively on the Hnes to which 
the segments ^,^,, ^^S^, .... A„B^ belong, and with its 
aides 01, 12, ,,,, nO respectively paa'allel to the rays UV^^, 
UF^^,..., W„^. The extreme sides 01, !!0 of this polygon will, 
if sufficiently produced, meet in a point which lies on the 
required line of the resultant f . 

Proof. We suppose the segment A-fi-^ to be resolved into 2 
others, situated in the sides 01, 12 of the second polygon, 
and equipollent to the rays T'r,^, Uf^.^ of the fii-st; in Hke 
manner we suppose the segment A.^B^ resolved into two 
others, situated in the sides 12, 23 of the second polygon, 
and equipollent to the rays ^^^ U, Uf^s of the first ; and so on, 
till finally A„£„ is resolved into two segments situated on the 
sides n—l-n,nO, and equipollent to the raya T'^^_^ _ „U, VJ',,^. 

If we take any pole 0, then the area of the triangle, which 
joins it to one of the given segments, is equal to the sum of 
the two triangles which join its two component segments 
to the same pole ; and consequently the resultant of the tt 
given segments A^B-^, A,Ji^, ... , ^„-B„ coincides with the re- 
sultant of the 2 n component segments into which the given 
ones have been resolved. Now the first of these 2 n segments 
is situated on 01, and equipollent to ?^i(7, and the last is situated 
on nd, and equipollent to UJ'^^, whilst all the rest, 2 (»— l) 
in number, are equal to one another in pairs, are of opposite 
sense, and are situated on the same side of the second polygon. 
For example, the second and third component segments he 
on the side 12, and are respectively equipollent to W^^ and 

The areas of the two triangles, which join these pairs of 
segments to 0, are equal to one another but of opposite 
sense ; the resultant of the given segments is therefore no other 
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than tho resultant of the first and last component segments, 
of which the first is situated in 01 and equipollent to /;,,(/, 
and the other is situated in nO and equipollent to VT'^a- 
But the resultant of two segments passes through the common 
point of (Ai't, 28) the straight lines to which they belong, 
therefore the required resultant passes through the common 
point of the two extreme sides 01 , reO of the second polygon. 

50, If the pole U were taken in a straight line with the 
two extreme points T^i, 7(,(, of the first polygon, then the 
two extreme rays Vf'^^, UI^q would coincide, and therefore 
tho two extreme sides 01, wO of the second polygon would be 
parallel. In this ease therefore the construction would not 
give a point at a finite distance in the required resultant. 
But this inconvenience could at once be remedied by choosing 
a new pole W not lying in the straight line Vg^ , T\,^ and then 
proceeding as above. 

51. Even if that is not so, it may happen (Fig. 37) that the 
points 7^0 and f^j coincide, and then, wherever U may be. 




the extreme rays coincide, and therefore the sides 01, «0 
are either paiftJlel or coincident. If they are parallel, the 
sum OAj^Si + OJ^B^ + ka. is equal to the sum of the two 
triangles whose common vertex is 0, and whose bases are 
equipollent to the equal and opposite rays /^j U, Uf^i and 
lie in the sides 01 , mO, or is equal to the half of the parallelo- 
gram (Art. 15), of which those bases are the opposite sides. 
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In this caae the resultant is zero and situated at an infinite 
distance ; and the sum 0^^5j + &c. has a constant value not 
zero, wherever (at a finite distance) the pole may lie. 

32. If, on the contrary, the sides (Fig. 38) 01, «0 coincide, 
i.e. if the opposite sides of the parallelogram coincide, then the 
sum OA^By\- OA^B^ +&e. vanishes for every position of the 
pole 0. In this case any one segment taken in the reverse 
sense is the resultant of the remaining («— l) segments. 

63. If wo take the given segments ^^-Bp^^^a. •■• ^H parallel 
to one another, then the first polygon Tjn f-^^ 7^ ... T,,,, 
(Fig. 39) reduces to a straight line, but the construction of the 




second polygon is just the same as in tho general case. The 
resultant is parallel to tho components. 

54. If there are only two segments AiB^, A^B^, the con- 
struction may be simplified as follows (Figs. 40, 41). In the 
unlimited straight Hne.^jjSj ... take a segment <?jD equipollent 
to A^B^ , and in the unlimited straight Hue A^Il^ ■■• ^ segment 
Cjy equipollent to A^B^. Then the common point of the 
straight lines CI/, and CD lies on the required resultant. For 
if we draw 2)'^ parallel to CD and join to E, then C, D, E 
represent the vertices foj, fj^, ^^o of the first polygon, and 
takes the place of the point U ; the points J/, E are the vertices 
1, 2 of the second polygon, which is here represented by the 
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triangle OD'E, and represents also the point of intersection 
of the extreme aides of this second polygon. 



Fig. 40. 



rig.H 



From the similar triangles OCS, OD'(f we have 
OC -.00:= CI/ -.DO 

that is to aay ; 

Tie ratio of t/ie distances of ike resultant of two parallel segments 
from these segments is the negative reciprocal of tlte ratio of the 
component t 
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GEAPHICAL MULTirLICATION. 



56. To multiply a atraight line a by the ratio of two other 
straight lines 5 : c, we must find a fourth straight line x sueh 
that the geometrical proportion holds : 



For this purpose it is sufficient to construct two similar 
triangles Oi/Jfand O'PQ with the following properties. 

In the first there are two lines (two sides, or base and 
altitude, and so on) equal or proportional io c,b; and in the 
second the line homologous to c is a ; then le is the line in the 
second triangle homologous to 5 ; or else 

In the first there are two lines proportional or equal to c 
and a ; and in tho second the lino homologous to c is 5 ; then 
X is the line of the second triangle homologous to a. 

56. The relative position of the two triangles is purely 
a matter of choice ; and the particular choice made gives rise 
to different constructions. The choice will be chiefly deter- 
mined by the position occupied by the ^ven segments a;h^ c, 
or of that which we wish x to occupy. 

(a) In (Fig, 42), for example, tho two triang'los have tho angle 
in common and the sides opposite to it pai'allel. If in them 





we take OP, OM, OL to represent the segments a, l>, c, then 
Oq ^ m. But if OL = c, 01' = a, LM= h, then PQ = a-. 
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(S) In (Fig. 43), on the contraiy, the sides opposite to the 
common angle are antiparaUel , i.e. the angles OML and OQP 
are equal (and therefore also the angles OZ^and OPQ). 

(c) (Fig. 44). We may take e and a to be the altitudes of the 
two triangles ; and then, on the supposition that fi is a side 
OM or LM of the first triangle, OQ or PQ will he equal to a;. 

[d) Or again, let c and a be represented by OL, OP, or by 
OM, OQ, and let & be the altitude of the triangle OZM, then « 
is the altitude of the triangle OPQ. 





(e) If (Fig. 43) the lines OM = h and O'P = a are drawn per- 
pendicular to one another, supposing that e> S, we may proceed 
as follows. Construct the triangle OLM, so that the side LM 
is parallel to O'P, whilst the hypot^enuae OL = c. Then if 
we draw FQ parallel to OL, and O'Q perpendicular to PQ, the 
right-angled triangles OLM, C/PQ are similar because of the 
equal angles i and P ; and therefore O'Q = x. 

The straight line O'Q, the orthogonal projection of (7? 
upon a straight line at right angles to OL, is called the Anii-i_ 
projection of O'P on OL. If therefore a and S are perpen- 
dicular to one another, then x is the antiprojection of « upon c. 

57. To divide a straight line a by the ratio of two other 
straight lines i:c, is just the same as to multiply a hy the 
ratio c : b. 

The division of a straight line a into re equal parts is the 
same thing as multiplying a by the ratio c : I, where c is 
an arbitrary segment, and b is equal to e repeated n times. 

If a straight line b is to be divided into parts, which are 
proportional to the given segments a^, a^, i'a>"M''ni ^yi"g iii 
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the same straight line, then we have only to multiply these 
segments by the ratio b : c, where c = a^-{-a^-^ ... +«„ 
{Art. 59). 

68. If we draw from a centre or pole radii vectores, each 
consecutive pair of which contains the constant angle w, their 
lengths forming the Arithmetical Progression, 

a, a + 1), a + 2b, &c., &c. ; 
then their extremities M,M^, M^, &c. are points on a curve, 
called the Spiral of Arakimedes ; which is the name given to the 
curve described by a point JK' which moves uniformly along the 
radius OJ/ whilst the radius itself rotates about with constant >*- ifz 
velocity, in such a manner that Jf describes the rectilinear aeg- & - -y^ 
ment b in the same time that the radius 0^ describes the angle at. ~^Z ^ fi- 
ll wB take the angle m small enough, we shall obtain 
points sufficiently close together to be able to draw the curve 
with sufficient accuracy for all practical purposes. 

After we have drawn the Spiral of Archimedes, we are able 
to reduce the problem of dividing an angle to that of the 
division of a straight line. For if two radii vectores are drawn, 
which enclose the angle we wish to divide into n parts pro- 
portional to n given straight lines, we need only divide the 
difference of the radii vec- 
tores into n parts propor- 
tional to the same magni- 
tudes ; and then the dis- 
tances of the point 
from the ti—l points of 
division will be the lengths 
of the n—l radii vectores 
to he inserted between 
the two given ones, in 
order to obtain the divi- 
sion of the angle. Fig. 46 
shows the division of the 

angle MOM^ into five T^k- '>^- 

equal parts*. 

59. If several segments AB, AC, ..., £C, ... of a straight line 
u have to be multiplied by a constant ratio S : e, the problem 

* Pappus, CoUesUoaes MatksmatUas, Lib. in. Pi'up. kx, ssxv. 
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hold. 



resolves itself into finding a series of points A\ ./?', C, i 
another straight line w' ; such that the eciuations 
A'£'_A'C_ S'C _ 
~IB~ AC~ JBC~ 
The straight lines u, u' are called similar point-rows, and the 
points A and A', £ and B',..., and also the segments AB and 
A'B'..,, are said to be OMrespondiug. 

60. If the straight lines v,, 
v! are pai'allel (Fig. 47), then 
all the joining lines A^, BS, 
CC, &c., pass through a fixed 
point (the centre of projec- 
tion). If, for example, we make 
AP = c, A'P' = h, then AA' and 
BP' give by their intersection 
the point 0, and every radius 
vector drawn through the point 
cuts u and w' in two corre- 
sponding points. 
61. If u and ii are not parallel (Fig. 48), and if their common 
point represents two coincident corresponding points A and 
A', then the straight lines BI^, C(X, &c. are all parallel to one 
another. The common direction of these parallel lines may be 



"J>fr 




Fig- 47- 




Eg. 4S. 
taking AB — e, A'B' — b ; then every 
two corresponding 



found, for example, 

straight line parallel to BB" cuts u and u' 

points. 

62. If, finally (Fig. 49}, m and u' ai'o not paj-allel, and their 
common point represents two non-correaponding points P, Q,', 
then all the straight lines AA', BB', CC, ... are tangents to the 
same parabola. If, for examplej we take PQ — a, P'Q' = S, 
then the parabola is determined from the fact that, it must 
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touch n in Q, and «' in P'. Every tangent of this pai^abola 
cuts u' and w in two corresponding points. 

In order to olatain pairs of corresponding points, such as A 
and A', B and B', &c., we need only draw from the different 




points A", B",&,(i. of the straight line P'Q the straight lines A"A, 
B"B, &c. parallel to m', and the straight lines A"A', B"B'. &c. 
parallel to u. For then clearly we have 

A'B' _ P'Q' AB _ PQ 

A"B" ~ T^' A"B"~ B'Q' 

A^ _ F_q^ _ 5 

AB ~ BQ ^ c 



and therefore 




Fig, 50. 

If we wish to avoid drawing parallels* it is sufficient to 
consider two tangente (Fig. 50) of the parabola as given, i. e, 
two straight Unea «, a", in which two similiar point-rows (they 

* COTTSINBRY, Le colcol par le trait (Paris, 1840), p. 20. For another jnethoi! 
of solving thia problem see Sackebi, Sid tracciameato delle pmAeggiaie projetUve 
simili (Atti dell' Aocademia <li Torino, Sovembre, 1373), 



y Google 



42 GRAPHICAL MULTIPLICATION. 163 

may be equal) ABCBE, .,,, A"B"C", kc. are so aituated that 
the common point of the two straight lines represents two 
non-corresponding points E, A", and that the segment AE of « 
[which is contained between the parabola and u"'\ is equal to 
the denominator c of the given ratio. If we want now to 
multiply the segments of u by the ratio b : c, we must place a 
line A'E' of length b between u and ?(" in such a manner that 
it joins two corresponding points BB". Then the straight 
lines CO", I>B", &c. which join corresponding points of « and 
w", determine upon A'W the required segments 
B'C':C'J}':D'E':A'E' = 
BC : CD : DB: AS. 
If, for example, it were required to divide a given length 
£M into » equal parts, we should draw through B the straight 
line m', and lay off on it » + 1 equal segments, 

A'£'=B'C'z=G'I)',&G.; 
then having joined B to E' we should, in hke manner, lay off 
upon the joining line «", n + l segments each equal to BE', or 
A"B"= B"C"= C"B"= &c., &c. The m-l- 1 straight Imes C'C", 
B'B", &c., &c. will meet BE in the required division-points 
aB,ka. 



es. Let (Fig. 5i)(!i, a^. ■-■. ^«^^ m segments given in magni- 
tude, direction, and sense, which have to be respectively 
multiplied by the ratios 

-ij -S) &C., — ■ 

We construct a polygonal circuit J^, whoso sides are re- 
spectively equipollent to the given segments «j , «g , &c., and 
call its successive vortices 1, 12, 23, ... u-l.n, n, beginning 
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at the initial point of the first side a^ and ending with the 
final point of the last side fl„. 

Then we construct two other circuits ij and ij^ ; of which 
the first is formed by tlie ?; straight lines 1, 2,.,.,ffl respectively 
parallel to the aides of i^, and at the respective distances c,, 
Cg , , . . , c„ from them, each measured in a constant direction which 
may be fixed arbitrarily, provided that e, be not parallel ioa^*\ 
and the second F^c must have its vertices 1 , 2 , ,..\n respect- 
ively upon the sides of ij, and its sides 1,12, 23,. ..,«—!.«, at 
must respectively pass through the similarly named vertices 
of ij.. The combination of these three circuits is called 'the 
First Figure.' 

Now construct a ' Second Figure,' which similarly consists 
of three circuits P^, Ji, ii^, having the following properties 
{Fig. 5"); 



I. The sides of P^ are respectively parallel to the sides of 
P„ ; the sides of P,, parallel to those of P„ {and therefore to 
those of ij and P^ ; the sides of P^e, to those of P^^ . 

a. The distances of the sides 1 , 2, ... , » of 7^ from the 
similarly named ones of P, are b^^h^, ... , S« measured parallel 
to the distances Cj.Cg, ,.., c„. 

3. Each of the vertices 1, 2, .,,, n of pj lies on the 

* According as c,, ia positive or negatiTe, we draw the straight line r to the 
right or left of a pei'son who travels along a, in the senes belon^ng to that segment. 

f The sida I is that which goes through the yertai 1; the side 12 joins the 
vei-tices 1,2 ; ... ; the aide » paaaea through the vertes ». In onJer to eonstrHot this 
polygon, WB can talis tlie side 1 at pleasure, provided it passes through the vcrtes 
1 of P^ . 
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sirailarly named side of ij, and each of its eidesj 1, 12, 23, 
..., n—1 K, 11 must pass througli the similarly named vertex 
of P.. 

In order to conatruct the ' Second Figure ' we may, for ex- 
ample, proceed thus. The vertex 1 of ii is taken arbitrarily, 
and through it two straight hnes are drawn, respectively 
parallel to the side a^ of i^, and the side 1 of P„^. These 
determine the positions of the sido 1 of ij, and the side 1 of 
l\i. If now, at a distance ^^ from the side 1 of 7J, a straight 
line is drawn parallel to this side, then this line will be the 
first side of ij, and the point where it meets the side 1 of i^s 
will be the vertex 1 of J^^,. 

From this point draw (parallel to the aide 12 of i^^) the aide 
12 of P^h, then the intersection of this with the side 1 of 
ij,, will be the vertex 12 of ij. From this point we draw the 
side 2 of the polygon F^ in the direction of the segment a^ . 
and afterwards the side 2 of ij in the same direction, but at a 
distance b^ from it, then the intersection of this with the side 
12 of iii,, gives the vertex 2 of P^^,, and so on. 

The polygon ij, whose aides we shaU call x-^, x^, ...,x„f 
gives the result of the required multiplication. For the 
triangle, which has x^ for its base, and for its opposite angle 
the vertex r of ij^, is, on account of the parallelism of the 
sides, similar to the triangle of the ' First Figure,' which has 
«,. for base, and the vertex/ of F^^ for the opposite angle. The 
dimensions of these triangles in the chosen directions are h^, c^, 
and therefore 



Q. E. D. 
64. "With regard to the sense of the segment x,. we remark, 
that the two triangles are similarly situated when c^ and b^ 
have the same sense, i.e. when the vertices r lie both to the 
right or both to the left of the bases (a, or x^ respectively 
opposite to them ; if, on the contrary, c, and b^ are of opposite 
sense, then the two triangles have opposite positions. For this 
reason in the first case the segments a, and x^ are of the same 
sense, in the second case of opposite sense. Hence it follows, 
that the segments x are placed consecutively taking account 
of their sense, i.e. in the way which is required by Geo- 
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metrical addition. Wherefore their resultant, i. o. the 

aultant of the segments a^--, will be, in magnitude, sense, s 



direction, the straight line which closes the polygonal contour 
^ (i.e. the straight line which joins the initial point of x-^ to 
the final point of «„), 

65. Special cases. 

Let all the segments a hccoine parallel ; then each of the two 
circuits i^ and F^ reduces to a rectilineal' point-row (Fig. 52) 





Fig. 62- 



Fig. 5"' 



and each of the circuits IJ and Vj, becomes a pencil of parallel 
rays. That is to say, the construction reduces to the following. 
We set off the consecutive segments 01=«i, 12=«2, 23 = 03, 
&c,, along a straight line a; pai-allel to this line and at 
distances e-^^c^, Cj,,.,je,j (measured in some constant direc- 
tion, different from the dnection of the it's, but otherwise 
arbitrary) we draw as many straight linos 1, 2, ..., «, which we 
may consider as rays of a pencil whose centre lies at infinity ; 
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then draw a polygonal circuit, with its vertices 1, 2,..,,« on 

the similarly named parallel rayS: and with its sides 01 , 12, 

23, ,,., »— 1 re, n passing through the corresponding points 

0,1,2, .,., n of the point-row a [i.e. through the extremities 

of the segments «j, a^, ..., a„]. 

Now construct the second figure, by drawing, first, a pencil 

of rays 1, 2, ...,?*, pai'allel to «, and at distances 5,, b.^, ..., b^ 

respectively from a straight line x (also parallel to a}; and 

then a circuit whose sides are respectively parallel to the 

sides of the first polygon, and whose vertices fell on the rays 

of the second pencil. The segments 01, 12, 23, &c. of j;, which 

are enclosed between the successive sides of this new polygon, 

will be 

^1 h h , .-1 

iCj = «^ . — , x^ = a^- — , iBj = ffg ■ — , &c., respectively, 

and the segment, that lies between the side r—X-r and the 
side 3-s-\-\, is equal to 

.^ '^i — ^ "l p ■ 

In the case just considered it is an immediate deduction 
from the remarks made about the sense of the segment x^, 
that two segments x^, x^ have the same or opposite sense, 
according as amongst the three pairs a^ «,, b, 5^, c^ c,, an even 
number (none or two) or an odd number (one or three) are 
fonned by segments of opposite sense. This agrees with the 
mle of signs in algebraic multiplication. 

66. If all the c's become equal, in addition to all the as 
being parallel, then the iirst pencil of rays reduces to a 
single straight line, and therefore all the vertices of the first 
polygon coincide in a single point of this straight hne ; i.e. 
the first polygon degenerates into a pencil of rays proceeding 
from a point situated at a distance e from the straight line a. 

In this ease the problem may be stated thus. To reduce 
the given products Aj .5^, a^.S^,..., «„.§„ to a common base c, 
by determining the segments ^i, s?^, ..., ic„ proportional to 
them. 

The solution is as follows (Fig. 53). Draw the rectilinear 

point-row a, whose consecutive segments are 01 =fflj, 12 = 113, 

* Jaegee, Das Craphisclie Secltiien (Speyer, 1867), p. 15. 
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&c., &c., and join each of the points 0, I, 2, ,,., ii—l, n of 
this point-row to a point taken at a distance « from a ; 
the distance being measured pei-pendicularly, or obliquely 





Fig. E3. 



F<S- 53 "■ 



at pleasure. Then construct a pencil of rays I, 2,.,,,u, 
parallel to a, and at distances Sj, b,^,..., l/„, respectively, 
measured in the direction of c from a given line a), also 
parallel to a. Finally, draw a polygon whose veitices fall 
respectively on the above-mentioned parallel rays 1, 2, ..., n, 
and whose sides 01, 12, 23, ..,, n—l.n, n are respectively 
parallel to the rays Oo, Ol, 02, ..., On—l, On of the pencil 
0. The segments 01, 12, 23,..., which the sides of this 
polygon intercept upon the straight line ce, will be the re- 
quired segments x^, s!^, ..,, ic„*. 

67. If insteaxl of all the c's, all the S's are equal, and all the 
f's still parallel, then the problem may be stated thus: 

Given the ratios 



to determine segments ai-i, m^, jbj, ..., x„, proportional to 
them, so that the product of the multiplication of any x by its 

corresponding ratio - shall be the constant segment S. 

* CULUANN, 1. C., No. 2. 
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After we have constructed {Fig. 54) the point-row a, with 
the segments 01 = a^, 12 = a^, &c., and the pencil of rays 
1,2, 3, ,,.j n parallel to the straight line «, theii- respective dis- 
tances from it being Cj^,c^, Cg, &c, (all measured in a constant 
direction), we draw a polygonal eu'cuit, whose vertices 1, 2, ,.., 
n fall on these rays respectively, and whose sides 1, 12, 23, ..., 
«— 1 «, u pass through the similarly named points of the 
point-row a. 

We then construct a second pencil of rays, diverging from 
a point 0, and respectively parallel to the sides of the poly- 





Hg. 54«. 



Tig. 54, 
il contour ; finally, cut this s 



d pencil by a straight line 
X, parallel to a, and at a distance S from measured in the 
direction of the c'b. The segments 01, 12, 23,., which we thus 
obtain on x are those required. 

The first and last sides of the polygonal circuit intersect in 
a point whose distance from a in the direction of the c's we 

shall call d. and then we shall have —7=2-. For it is cleat 
' (/ c 

that 2- = ^- , and from the two similar triangles, one of which 

CO 

is bounded by a and the first and last sides of the polygonal 
circuit, and the other by co and the first and last rays pro- 
ceeding from 0, we have —7- = -^- . 

° do 

This problem is substantially the s 
forming a number of given fractious, 



; as that of trans- 
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into equivalent ones = ~~ , -y , &e., with a common decom- 
inator L 



mltiply a straight line a hij the ratios 



Draw (Fig. ^y^) two straight lines or axea hh, cc which cut 
ine another, at any angle whatever, in the point 0. 




From set off along the first axis the segments b, and along 
the second the segments c, so that we have on the first axis 

bti: Ol = 5,5 02 = ^2 On = h„; and on the second axis 

cc: 0\ = c-^, 02 =c^ ,Oit = Cs. Join the homonymous 

points of the two axes, i.e. I and 1, 2 and 2, and so on, and 
parallel to the joining lines draw through the same number 
of straight lines I-^, l^, 4 &c. (which are only denoted in the 
figure by the numerical index). Two segments h,, c, with the 
same index, and the line rr which joins their final points, form 
a triangle. Construct a triangle similar to this, in which 
the two sides coiTesponding to c, and rr are set off from 
along ca and ^ respectively ; the third side corresponding to 
h^ and parallel to hb, ia called a^. In order to completely deter- 
mine this triangle, we need only fix one side, that lying on 
cc ; this is equal to a in the first triangle, a, in the second, a^ 
in the third, and a„_j in the last. Then a,„ that is, that side 
of the last triangle which ia parallel to bb, is the result of the 
multiplication we wished to perform. 

For comparing the r* tnangle of the second set, of which the 
sides parallel to cc and hb are c,_,, a,., with the similar triangle 
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of the iii'st set, whose corresponding sides ai'e (--,. and I,., we 
have : — — = — ; and therefore 



Multiply all these equations together, and we have 

_ (^ i^ K 
"" 'c/cg "'c„ ' Q. E. D. 

60. We shall now prove that the result is not altered by the 

interchange of two factors, for example, — and — . Taking 

them in the order — and -= , the construction is aa follows 

(Fig. S6) : on cc take 0A = a; from A draw a parallel to 55, 
cutting ^j in ^i ; the segment AA^ = a, , carry this over on to 
cc, i.e. set off OJ^ = «j, and from this new point A^ di-aw a 
parallel to lb, cutting l^ in A^ ; the segment A^ A^ thus obtained 

is a.^. Now take the factors in the other order — and — ; 

and proceed as follows : 

j^ Make OA = a s.s before, and 

draw through A a parallel to 
Oi, let it cut l^ in the point A^, 
and call the segment so ob- 
tained a' ; then set off on cc 
the segment OA^— a', and draw 
A^ Ay parallel to ib cutting l^ 
in A^ ; the straight line A^ Ai 
^ig- 5^- is a". The similar triangles 

contained between l^ and cc, OA^ A^, OA^^ A give the following 
relations, j ^ qj ^'/ ^' 

'AA^ ^OA' ''^'^^ a' 
and the similar triangles OA^A^, OAA^ lying between ^2 ^^^ 
cc, give in like manner 

A.A^ AA, a, a' 
OA,=-OA''''ar^- 
And therefore «"= a^. q. e, d.* 

* EaaEHS, Gruii/hiige eiiter graphisc&en A rUhmeilh (Schaffhaiiaen, 186E), p. 1 2. 
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70. In constructing the triangles of the first act, instead of 
setting off the segmeiita h on tlie straight line bb, wc might, after 
taking on cc the side 0\ = Ci,find on 05 a point l,such that the 
joining line 11 ■would be equal in absolute length to S,. Then 
having di'awn through 0, /j parallel to 11 we might, as above, 
construct a triangle of the second set, similai' to Ol 1, setting off 

on CO a side equal to a. Then the product (Fig. 57) a^ = a . -!^ 




Pig. 57. 

is given not by the side parallel to SS, but by the side lying 
on /j ; and similarly for the other triangles. 

In this construction the signs of the segments l> are not 
taken account of, since they are all set off in different directions ; 
it ia therefore necessary in caiTying over the segments, for 
example «j, upon ce, in order to proceed with the construction 
of the next triangle in the series, to give «j the same sign as a, or 
the opposite according as ly and c-^ have the same or opposite 
signs. 

In this method the segments a,, a^, ..., a^, which we have 
respectively obtained on l^, l^, ..., l„ (the parallels to i^, 5^, 
..., S„), are carried over to cc by means of circular arcs de- 
scribed around as centre. 

71. A third method of performing the required multipli- 
cation is as follows. Set off from the common point along 
one of the two axes (M) the segments ^j, b^, b^, &c., and 
Cj, c^, Cfi, &e. ; and along the other axis (ce) (Fig. 58), b^, b^, &c. 
and c-,,c3,c,,&e., always joining the extremities 11, 22, 33, &e. 
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of the segments 5 and c with the same index. Then it is only 
neceBSaiy to insciibe between the two axes a crooked line 
whose successive sides Eire respectively parallel to the 
joining lines U, 22, &c., and whose vertices lie alternately on 
00 and hh. 



Fig. 58. 

If we take the first vertex, so that it is the final point of 
that segment of oc which is equal to a, and has its initial point 
at 0, then the second vertex, and the third, fourth, &c., are 
likewise the final points of the segments 

^1 h h ^ 

whose common initial point is 0*. 

This is evident, when wc consider that in this construction 
all the triangles of the second set have one side on cc and the 
other on hb, whilst the third side, on the crooked line, is parallel 
to the third side of the similar triangle of the first set. 

72. When there is no need to take account of the signs of 
the segments a, S, e, i. e, when they may all he considered 
positive, we can so order the construction, that both the 
triangles of the first and of the second sets are placed con- 
secutively around a common vertex (Fig. 59) (just like a 

* In FigB. 58, 59, and the following, eaoli of the segments whose common 
initial point is 0, is marked at its final point svitli the letter a, J, or e, which 
indicates ita measure. 
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fan). Through draw n+\ straight hues, or radii veetores, 
making arbitrary angles with one another. Between the first 
and second radii construct the first triangle of the first set, 
and the first of the second ; between the second and the 
third radius vector the second triangles of both sets ; between 
the third and the fourth radius vector the third triangles ; 
and so on ; in such a manner that two consecutive triangles 
of the second set always have 
one side in common. That is to 
say, starting from 0, take on 
the first radius two segments 
equal to a and c-^ respectively; 
on the second radius a segment, 
with the same initial point, equal 
to 5^ ; join the final points of b^, 
c■^, and draw a parallel to the 
joining line through the final 
point of the segment a, this de- 
termines a segment a^ on the 
second radius, such that 



Now take, in the same way, the segment c^ on the second 
radius, and the segment i^ on the third radius, and we deter- 
mine on the latter a segment 

fl^ = flj . -^ - a — ■ -^ . &c. 

Continuing this construction, we finally get, on the {w-f l)"" 
radius, a segment with its initial point at 0, whose value 
will bo 
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78. If, in the laat problem, we make all the 5's equal to one 
another, as also all the c's, then the constmcted segment «„ is 

the result of multiplying a by the »*'' power of the ratio -- 

In this case, either in the first construction Art. 68 (Fig. 60), 




or in the second, Art. 70 (Fig. 61), all the triangles of the 
first set coincide, and form a single triangle, two of whose 




sides aro the given segments 1/ and c. The n triangles of 
the second set are all similar to one another and to the 
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single triangle Ohc. The sides lying on Oc arc respectively 
a, a^, ffg, ,.,, «,j..i, whilst tho sides parallel to h are a^, u,^, 
..., a„, and thereforo 

,, = a-, <., = «y, ,., = «(-),..., «„ = «(-) ■ 

This series of similar triangles can also be prolonged on the 
opposite side, so as to give the product of a by the negative 

powers of - ■ In fact, constructing the triangle whose side 

paralle] to h is equal to «, the side which lies upon Oc is 

next, constructing a triangle with ite side parallel to 6 ^ o_^ , 

the side on OC = a_^ = «(-) , and so on*. 

74. In the third method {Art. 71) the triangles of the fii-st 
set reduce to two equal, but differently situated, triangles 06c 
(Fig. 63); the one has its side c on the first axis and its 



Fig. 62. 

side S on tho second; whilst the other has its side 5 on the 
first axis and e on the second. The directions of tho third 
aides are therefore antiparallel, and the sides of tho crooked 
line, inserted between the two axes, are parallel to them, 

* Eggews, I. c, p. 15, .Iaegeb, 1, c, pp, 18-20, 
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The vertices of this crooked line determine on the first axis 
Begments, measured from 0, which have the values 

.. »,=»(*)", ». = «(^/ 

and on the otlier axis 

Moreover the sides of the crooked line forai a geometrical pro- 
gression ; for, if we call the first side a\ the second is a' - , 
the third <*'(-}, the fourth a' ("-) , &c. 

Hence we concludo that the given segment, which has to be 
multiplied by (A , instead of being set off on the first axis, 

may be placed in the angle between the axes so as to form the 
first side of the crooked line; its (n + iy^ side will then be 
the result of the multiplication. 

Continuing the crooked line in the opposite direction we 
obtain the products of the given segment (a or a') by the 
negative powers of the given ratio 

&'• &'■'"'■ 

If we wish to continue the progression between two euc- 
sides of the crooked line, for example, between the 



two first (a' and «'.-), then we need only draw between them 

a new crooked line, whose sides are alternately parallel to 
the axes ; and we obtain a figure analogous to the foregoing 

Let the segment of the first axis, which is intercepted by 
the first two sides of the first crooked line, be called a", then 
the sides of the new crooked line are res 



75. Finally, if we employ the fourth method of construction 
* CoraiKEBY, 1. c.,p..ai, 26. 

t COITSINEBV, 1. C, p. 2J. CULMANN, 1. C, No. S. 
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(Art. 72) and take the angle between consecutive radii vectorea 
constant (Fig. 63), all the triangles of the first series become 
equal and their vertices (opposite 0) lie on two concentric 
circles whose radii are respectively equal to 5 and c. The 
triangles of the second aeries are all similar to one another, 
because each is similar to the corresponding triangle of 



Fig. 63. 

the first series ; their vertices (opposite 0), and their sides 
(lying opposite 0) are the vertices and sides of a polygonal 
spiral circuit. 

The radii vectores of this spiral-, i.e. the straight lines drawn 
from to the vertices, are the terms of a geometrical pro- 
gression ^ ^ _ i-^f fe 

This progTesaion may be continued in the opposite direction, so 
as to give the products of a by the negative powers of (-) : 

Also the sides of the polygonal circuit form a geometrical 
progression with the same common ratio - *. 
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If the constant angle between two consecutive radii vectorcs 
is a commensurable fraction of four right angles, which has the 
denominator p when reduced to its lowest terms, then the 



{p-\- 1)* radius coincides with the first, the {p-\-2)'^ with the 
second, and so on. If, for example, the given constant angle 
were a right angle*; the angles between every pair of conse- 
cutive sides of the spiral polygon would also be right angles 
(Fig, 64). 

« Eeulbacis, Der Constructem; 3rd edition (Braunachweig, 1869), p. Si. 
K. VON Ott, Grandiilge dea graphischen Uechnens ami der yra^hischen StaHk, 
(Prag.1871), p. 10. 
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EXTRACTION OP ROOTS. 



76. CossiDEii. the- spiral polygon ABCBIFQ ... (Fig. 65), 
whose radii vectores OA, OB, OC, OD. &c. represent the pro- 
ducts of a constant segment OA by the powers (corresponding 

to the indices 0, !, 2, 3, &e.) of a given ratio - = -y- , and 

whose sides AB, BC, CD, &c. subtend a constant angle at the 




Fig. 65. 
pole (Art. 76). As already remarked, all the elementary 
triangles, which have for a vertex and a side of the polygon 
as base, are similar; also all the figures, obtained by combining 
2, 3 or 4, &c. consecutive triangles, are similar, because they 
are made up of the same number of similar and similarly 
situated triangles. Therefore all the angles ABO, BCO, GBO, 
&c. are equal ; also the angles AGO, BDO, CEO, &c. ; and so 
on. In general all the triangles around the vei^tex 0, the 
bases of which are chords, joining the extreme points of the 
same number of consecutive sides of the polygon, are similar ; 
these chords also subtend equal angles at the pole 0. 

These properties are quite independent of the magnitude 
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of the anglo AOB, which in the eonsbmetion of the first 
elementary triangle is chosen at pleasure. They would not 
therefore cease to be true if this angle were made infinitely 
small : in which case the polygonal circuit becomea a curve. 
From the similarity of the elementary triangles we have 
already deduced the equality of the angles at the bases OAB, 
OBC, fee, ; but if the angles at the point become infinitely 
small, the sides of the elementary triangles lying opposite 
to will become tangents to the curve ; the curve obtained 
has therefore the property, that its tangents {produced in 
the same sense, for example) in that of the increasing radii 
vectorca) meet* the radii vectores, drawn from the pole to 
the point of contact, at equal angles. From this property 
this curve is called The Equiaii^ular Spiral f. 

77. Since the figures, which are made up of an equal 
number of successive elementary triangles, are similar, so 
also, if we draw in the equiangular spiral the radii vectores 
OA, OB, OC, &c., at equal angular intei-vals, the triangles 
OAB, OBC, OCD, &c., will be similar to one another. There- 
fore the. radii vectores in question form a geometrical pro- 
gression, i.e. the polygonal circuit ABCD... inscribed in 
the spiral is exactly the same as the one constructed by 
the rule of Art. 75, starting from the elementary triangle 

A AOB. If therefore we 

take the triangle A OB at 
pleasure, and construct 
the polygonal circuit 
ABCD..., all its vertices 
lie on the same equi- 
angular spiral with its 
pole at 0. Hence it 
follows, that the pole 
and two points of the 
curve completely deter- 
mine an equiangular spiral. 

78. Any two points B, G (Fig. 66) of an equiangular spiral, 



tY, 1. C, p, 41, 42. CULMANN, 1. 0., No. 5. 

t Whitwobth, The equiang'slar spiral, its bMb/ properties proved geome- 
IrietAly (Oxford, Gunbridge, and Dublin Messenger of Mathematics, vol. i. p. 5, 
Cambridge, 1862). 
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the pole 0, the point of intersection T of the tangents at those 
points, and the point of intersection iV of the corresponding 
normals, are five points on the circle whose diameter is iVT. 
Of the truth of this we are easily convinced if we consider, 
(i) that the circle drawn on NT as a diameter will pass 
through the points B and C, since the angles NBT and 
NCT are right angles ; (2) that the angles OBT and OCT being 
supplementary (since the angle made by a tangent with the 
radius vector drawn to its point of contact is constant), the 
four points OTBC belong to the same circle. Hence it 
follows that NOT is a right angle. 

79. Now take the points B and G so close together, that 
the spiral arc Isetween them can be replaced by a circular 
arc. Since this arc must touch BT and CT in the points 
B and G, its centre lies at N; the tangents BT, CT a,re equal, 
and therefore the chord BC is bisected at right angles by the 
straight line NT; hence also, N and T are the points of 
bisection of the arcs BC of the circle OBC, i.e. OT is the 
internal, and OW the external bisector of the angle BOC. 
The point N, which will serve as a centre from which to 
describe the aj-c BC substituted for the spiral arc, can there- 
fore be constructed as the extremity of that diameter of the 
circle OBC, which is perpendicular to the chord BG. Tlie 
centre P of the next arc CB, which must be the point of 
intersection of the normals at C and B, will be the point of 
intersection of the straight line CN, with the straight lino 
which bisects the chord CD at right angles, or with the 
external bisector of the angle COB. And so on. 

80. From this we obtain a construction for the equiangular 
spiral by means of circular arcs. We divide (Fig. 67) the 
angular space (four right angles) round the pole into a 
certain number of equal parts, so small that the spiral arc 
corresponding to each part can be replaced by a circular arc. 
On two consecutive radii veetores points A and B are taken, 
through which the spiral must pass. The centre M for the 
arc A£ is then the end of that diameter of the circle OAB, 
which is at right angles to the chord AB. Let JV be the point 
where BM cuts the external bisector of the angle between OB 
and the next radius vector. With the centre iV describe the 
arc BC. Similarly let P be the point, in which CA^ cuts the 
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extemal bisector of the angle between OCand the radius vector 
immediately following it ; then with 7" as centre we describe 
the arc CD ; and so on*. 




Fig, 67, 
81. Instead of assuming the point A (as well as and li), 
we may snppc^e the eou'itaut angle between the tangent 
and aadius vector to 1 e gi\cn In this case, having drawn 
jBi inclined to ^B at the gi\en angle, let 5 ho the point 
of intersection of thisj tangent BS with the internal bisector 
ot the angle between OB and its pre- 
ceding radius vector ; then the point 
i IS given by the intersection of that 
ladiufe vector with the circle OBS. 
Aftei we have found the point M 
of this circle, which is diametrically 
opposite to 5, we proceed with the 
constiuction in the manner explained 
alo^ef. 

82 We are often able to avoid 

diawing these circular arcs, and to 

le'itnct ourselves to finding a series 

of points on the curve sufficiently 

'^' ' near together to be united to one 

another by a continuous line. For this purpose we take the 

* Por tliia cnnatruction I am indebted to Prof. A. Sayko, of Milan. 
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elementary triangle OAjB^ (Fig, 68), of which the angle at is 
very small, and between the aides OAj and OB^ construct the 
crooked line A^B-^ Cj B^ ..., with its sides alternately parallel 
and antiparallel to A^ _Bj. Then, upon the radii vectores 
OA, OB, 00, &c., drawn at angular intervals each equal to 
the constant angle A-^ 5„ take points A, B, C, &c., in such a 
manner, that OAj = OA, OB^ = OB, &c. 

S3. This spiral when drawn serves for the solution of 
problems involving the extraction of roots. 

We want, say, the i'^ root of the ratio between two given 

segments a^, a. Write a, — a f-^, then the question becomes 

that of finding the ratio - ■ Take on the spiral (Fig. 69, 

where i = 6) the radii vectores a and .% and divide the angle 
included between them into i equal parts. The i — 1 dividing 
radii vectores aj, «2> &"■! ^^^ ^® ^® intermediate terms of a 
geometrical progression of ; + 1 terms, the iirst of which is 
a and the last «;. The ratio a^-.a of the two first terms is 

therefore the required ratio (-)• 

84. Two radii vectores containing a constant angle have 

a constant ratio. From this 

it follows, that, if we take 

the sum or difference of the 
.angles contained by two pairs 

of radii rectores fflj Sj and 

«2 ^2, the resulting angle is 

contained by two radii vec- 
. tores, whose ratio is in the 

first case equal to the pro- 
duct, in the second to the 

quotient, of the ratios «i : 5, , 

and «2 ■ ^2 ■ That is to say, the 

equiangular spiral renders 

the same service in graphical 

calculations which a table of logarithms does in numerical 

methods. The ratios of the radii vectores correspond to 

the numbers, the angles to their logarithms. 

On account of this propei-ty the cui-ve we are speaking of is 

also called the Logarithmic Spiral. If we take a radius vector 
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e(jual to the linear unit as the common denominator of these 
ratios, it is obvious that the radii vectores themselves may be 
considered instead of their ratios to unity. 

If, for example, we wish to construct the segment ai, given 
by the equation 

«=C/«,-<'> «... 

then X is the radius vector of the spiral, which makes with the 
radius 1 an angle equal to the arithmetic mean of the angles, 
which the radii a^,a,^, ...a„ make with the same radius 1 . 

83. But when the extraction of a square root only is 
wanted, instead of employing the spu'al, it is much easier to 
use the known constructions of elementary geometry. If, 
for example, a? = ■</ab, we construct m as the geometric mean of 
the segments a and b. 

If the segments OA = a, OB = 6 are set off on a straight 
line in the same sense, then (Fig. 70) x is the length of the 
tangent OX, drawn from to a circle described through A and 
S ; or (Fig. joa) a circle may be drawn with diameter = OJ 
(the gi-eater segment), and then x is the chord OX, whose pro- 
jection on the diameter is the other segment i. 



Again, if the segments OA — a, OB — b lie in a straight 
line, but have opposite sense (Fig. 71), we describe a semi- 
circle on AB, and then x is the ordi- 
nate erected at the point 0. 

88. The same ends for which the 

equiangular spiral serves, are easily 

attained by using another curve called 

^^- •"■ ' The Logantliittio Curve.' 

Draw (Fig. 72) two axes Oic and Oy; and on the first of 

them, starting from the origin 0, take the segments 00, Ol, 

02, 03, &c., respectively equal to the terms 



-.(-„). 



'(7. 
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of a geometrical progression, of wluch the first term is x^,, and 
the common ratio — {-where m is supposed greater than u) ; 



and on the second axis take the segments 00, 01, 02, 03, 
&c., also measured from 0, 
and respectively equal to 
the tenns ^^ — 0, y^ — I, 
y^ = 1l, y^~ U, &c., of 
an aiithmetieal progres- 
sion, with its first term 
equal to zero, and the 
common difference* = I. 
The terms of the two 
progi-eseions, which corre- 
spond to the index n are 




= ».©, !l. = rl-, 



and therefore 



''O ■ 

L each pair of consecutive terms in each of the 
two progressions we can interpolate a new term, so as to 
obtain two new progressions, of which the first has a common 

ratio (— ) or ~) and the other a common difference -■ 

This follows, from the fact that in every geometrical (arith- 
metical) progression any term whatever is the geometrical 
(arithmetical) mean between the terms preceding and follow- 
ing it. 

If we construct, for example, the geometrical mean butween 
x^, and (K,.^.^, and the arithmetical between y,. and y,.+i, we 
obtain the two corresponding terms 

in like manner intei-poiate a 



of the two 
In these 



f" prog! 
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term betweon each pair of consocutive terms, and so on. until we 

arrive at two progressions, for which the ratio f—j and the 
difference —. are as small, as we please *. If we use s; and y 
to denote two corresponding terms, we have always 

(i) ^ = ^oQ'' 

or (3) ^ = 1 -^. 

log-^ 

the logarithms being taken in any system whatever. We 
shall call those points of the axes Osf, Oj/ corresponding points, 
in which corresponding segments o; and ^ terminate. We 
draw parallels to the axes through these corresponding points, 
i.e. through the final point of 3: a parallel to 0?/, and through the 
final point of y a parallel to Ois. The straight lines so drawn 
will intersect in a point M; x and 1/ are then called the co- 
ordinates of the point M, and in particular si is called the 
'abscissa' and y the 'ordinate.' The equation (i) or (2) ex- 
pressing the relation between the co-ordinates of the point M, 
is called the equation to the curve which is the locus of all 
points analogous to M. We call this curve the ^ Logaritlimic 
Ciwve' because the ordinate is proportional to the logarithm 
of a number which is proportional to the abscissa. 

87. We construct this curve 'by points' in the following 
manner. After drawing the two axes Ox, Oy (Fig. 73) (usually 
at right angles) we take on Oy a segment 0-S = 0(2') = ^, where 
I may be considered as the unit of the scale of lengths on (h/ ; 

and, upon Ox we take a segment OA = (2*) = ■■Kq ~, whei-e 

Oo = se^ is the unit of length of the scale for Oicf, and — 

the base of the logarithmic system (the number 10). 

* i is the namber of interpolations. 

\ Since 3; inoreasee mnoh faster than y, it is convenient, in order to Iseep 
□ within reaaoaable limits, to talcs the unit x„ much sm^er than 
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Let O'ti be divided into 2' equal parts, and let 1 
i'"', ..., 2'{= -2) be the points of division. 




In order to find the corresponding points of Ox:, take the 
geometrical mean between x^ and ^^ — , i.e. describe a semicircle 
on OJ. as diameter, and set off along OA, starting from 0, the 
length of the chord of this semieirele, which has 00 for a pro- 
jection; we shall thus obtain the point 2'"^ of Ox, which 
corresponds to the similarly named point of % (i.e. to the middle 
point of OB). Similarly by taking the geometrical mean of OO 
and 02*'''-, and the geometrical mean between 02''^ and OA, 
we shall obtain the points on Ox, coi-responding to the middle 
points of the segments 02'-^, and 2'-i.B of Of; and so on. 

Now draw pai-allels to 0>/ through the points of division of 
Ox, and parallels to Ox through the points of division of 0^ ; 
the points, in which the lines drawn through similarly named 
points intersect, lie on the logarithi 
structing. Since to the value ^ = ^^ = 
corresponds the value x = Wu'= Oo, the 
cui've passes through the point marked 
on Ox. 

88. It is also very easy to construct 
a tangent to the curve at any one of 
its points (Fig. 74). Let _M and N be ^'S- M- 

any two points on the curve, e.t a small distance from one 
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another ; MP, NQ parallels to Ox, MR a parallel to Oy, and T 
the point in which 0^ is cut by the chord 3II\\ The similar 
triangles TPM and SfRIf give 

TP:MI>=MR:NB, 
or TP:MP= OQ-OP:NQ~MP. 

Let OP = p,PQ,=h, then MP and NQ are the absdssae 
coiTesponding to the ordinate3y,^ + ^, and thei'eforo 

MP = x,Q)\ Nq^x,(!^^) ' , 
''(^) . T 



Now let the point N approach continually nearer and nearer 
to the point M, i. e. until /< approximates to the value zero, 
then J\''if2'will alao continually approach towards the position 
of the tangent at 31, and the segment TP, the projection of 
2'JI/" upon Oi/, has for its limiting value what is usually called 
the ' mUangent' But the limit * which the fraction 

7 
approaches, when h tends towards zero, is the natural 

logarithm of — , which we shall denote Dy A ~ ; therefore in the 

limit we have / 

TP = ~ 

i.e. the subtangent is constant for all the points on the curve f. 

Hence it follows, that a single construction suffices for 
drawing tangents at all the different points on the curve. 

89. Having thus constructed the logarithmic curve, we 
can solve by its aid all those problems for which the 
ordinary logarithmic tables are used. We want for instan ce 

* Bal'Tzer, Jaiemente der Mathemaiik, i. 4ed. (Leipzig, l!i72), p. 200. 
■i- Salmok, Eigher plane cm-ves, anil ed. (T)ubliii, 1873). p. 314. 
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to construct the ?■* root of the ratio between two straight lines 
p^q. Take Kpon 0^ the abscissae (c' = j[!, (/'= j, and find by 
means of the curve the corresponding ordinates / and ^". 

The abscissa cori'esponding to the ordinate ~ {/—/') bas the 
value *■ /»' 

Secondly, say we want the J'*"" root of the product of the r 
straight lines ^i, p^, ...,p^. Take on O/s the abscissae stj =-P]_, 
iCg =p^, &e., and find the corresponding ordinates y^, f/^, 
^3, ...^r! then the abscissa a; corresponding to the ordinate 

is equal to the required quantity 

\f Pi, Pi^lh' ■■■!>'■ 
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SOLUTION OF NUMERICAL EQUATIONS*. 

00. LETi2|„«i,Ba, ...,(f„be)^ + l numbers given inmagnitude 

and sign, and let (Fig. 75) a polygonal right-angled circuit 

be constructed, the lengths of whose aucceesive sides 01, 12, 

23, ... arc proportional to the given 

numbers. The sense of each side 

is determined by the following law : 

the *■"" and the (r4-2)*^ sides, which 

are parallel to one another, have the 

same or oppoaito sense, according as 

the signs of the numbers a^-n «r+iJ 

"''* which are proportional to these sides, 

'^' '"' are unlike or aliket. 

Assume a point A^ in the straight line 12, and take 

OA^ as the first side of a second right-angled cii'cuit of n aides, 

whose respective vertices A^, A^, A^, ... lie on the sides 12, 

33, 34, ... of the iirst circuit. 

* LlLL, B£solation ffrapMque dea dqiiatiom aunniriqiie d'lin dcgre qaelconque ii 
■■-' ^ (Nouvelles Annales de Math^matiiines, 3» b.?™, t. 6, Paris, 1867), 




t In order to fix with the greateet possible preoision the Bense of each aide of 
the orookad line, the followmg oonyention is neefol. We taka two rectangular 
axes XOX, YOY, and determine for each of them the poeitiye sense ; and we 
agree to give the number, which expceBeee the length of a Begment, the coefficient 
+ 1, or — 1, according as it 18 in the positiTB or negative direction of XOX, and 
the coefBoient +f, or — i (where i ^ •v'— 1, i. c. ^— — 1). according aa it ia in 
the poeitiye or negative direction of YOY. Now let a circuit be formed whose 

01,13,23,34,45,56,.... 
are equal to a,, ia^, i'aj i'Oj, **»„ i'an ... , 

i.e. equal to o,, ia„ — a„ —ia,, a,, to,, ... , 

thsn the 1^«, &'\ 5'", ... sides will be pai'allel to XOX, and the othei'S to YOY; 
moreover two parallel aides, separated by a single side at right anglee to both, 
will have the same, or opposite senaa according aa the corresponding nuinbers <i 
have opposite signs or the same sign. 
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The triangles OlA^, 


A,2A„, 


A^^A^ 


, A^J^, .. 


. are all similar 


to one another, and therefore 


give 








01 _A2. 


A 3 




-....= 




Tffl "" ' 


whence, remembering 


tho identities, 








01 = «o, 






A,2 


= A 


.i + «i. 


12 = lii, 






A. ^3 


= A 


.S + a^. 


23 = a.^, 






A 4 


= A 


,3+«3, 


«-l, M = a„_i, 




An' 


.«+l 


^ A 


„'.'' + «„, 


n.n-\.-l ^fl„, 












and putting 


In " 


.r,or. 


'il = 


a^x, 




we obtain : 












A^2=a^3! +a. 












^2= V^ + «i 


X, 










A3 = «o*' + a, 


a> + a^. 










AgS = a^x^ + aj 


x^-^a^x 


...+«„ 


-ifl'. 






A„.)i - a^x'^ + a 


■.^x'--^ + 




A„.n+1 ^a^m' 


' + «,a;- 


v. .. + ««-!» + «, 





Thus the segment A,,.7i-{-l, induded between the tinal 
points of the first and second polygonal circuits, represents 
the value which the polynomial 

takes, when we substitute for io the ratio of the segment A^ 1 to 
the seg-ment 01 or a,^. Keeping a^ positive, the signs of ce and 
3j will be equal or opposite, according as A-^l, 12 have the 
same or opposite sense. 

If the final points of the two circuits coincide, we have the 
identity i\c>) = ; and then x is called a root of the equation 
F{z) = 0. The real roots of the equation F{z) = are there- 
fore the ratios A-^\ : 01, which correspond to those right- angled 
inscribed circuits whose final points coincide with the point 

On account of this property we say, that the i^mit 
0133 ... «-|-l, represents the whole polynomial F(^z). 

91. If in 0123 . . . » + 1 we inscribe a new right-angled circuiti 
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OB^B^'-.^n, and if we denote the ratio of _ff^l : 01 hy i/,-' 
shall have in like manner 

For the coefilcients a we substitute their values 
«(,= 01, 

«„ = 34 ^ A4-A3 = A4-A3.a-, 



-l.a = ^._,.Ji-J 



-1 =J„_ 



a„^n.n + l = A^u+ I ^A^u = jl,,n+ i ~ J„_j^.n,x; 
and thus obtain 

7)'„.«+T = 01.^'' + (^i2-01.%"-i 



-l-(4,_i-'i — A-ii"—'''^)^' 
+ {A^^+l-~A,^^n.x) 
= (f/ -x)[0\ .f-^ + A^2i/'-^ + J^St/"-^ + ... + A,^^^}q + A„:iH^l. 
But 5„?*+l-A«+l =£„A,„ 

_B^\-A^1 _B^A^_ 



01 



01 



therefore 

01. ^g^ ^ 01./'-i + /fi2.^"-^ + J,3./'-" + ...+^„_j.«. 




This result may be expressed as follows {Fig, 76, wliere 
! — G); Th a reclmiffular circuit of « + 1 sides 0123. ..h + I, 
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tim other reoiangnlar circuits of ii sides OAjA^... A^^, OB^B^ 
...B^ are insmiled; vie titeii foi-ni a neio rectangular circuit 
01 2' Z' ...n' of n sides, wJikh are respectively parallel to the sides of 
the first circitii and eqtial to 01, A^% A^S,..., A^_^n. In this 
inscribe the rectangtilar circuit of n—\ sides OB^B^... B'^^-^^, 
having the side OB^ in covimon with the circuit alreadi/ described 
OB^B^...B„. 

F^,n' B^A,, 



Theft we have 



01 



That is to say, the segment B'„_^.n' is the result of the dimsion of 
F[y) — F{si) by y—x: where F signifies the Polynomial rejireseiiied 
by the first circuit 0123...M-f-l,«H(/ « andy are the ratios A^X -.OX; 
5^1:01. 

Or, in other words. 

The circuit 012'3',,,ffi' represents the polynomial 

or, in the case where x is a root of the equation F[z) = 0, the 
polynomial F(z) : (^ — jc). 

92. The similar triangles considered above give 

QA-y" I^^~ A^J^~ A^^ <„iA' 

so that our equation may also be written, 
0^1 .^^ = OA^f-^+A^A^y''-^-VA^A^._ 
This rcault may be interpreted as follows (Fig. 77) ; 



■ + <- 




If we inscribe 



Fig. 77- 
( the rectangular circuit 0123.,, re + l of m+1 
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sides (Fig- 77, ioJiere m = 6) iv)o new reciangular cvrouiU of n sides 
OAj^A^.,.J^, 0_fijSj(...5„, and then ins&iibe in tlie fifit of these 
a rectangular cirouit of n—\ sides (iGyC,^,..C^_^, 
CjA^ _ _ ^1 1 

satf, C„_j ji„ is also equal to the quotient 

IJ-X ' 



In other words : 

TAe circuit OA^ A^.,,A^ represents t. 

e—x ' 
or, in tJie case where x is a root of the equation F [£) = 0, the polij- 
nomial F{t):z—x, provided the lengths le reduced in the ratio 
OA^-.Ol. 

Every rectangular circuit of n sides inscribed in the given 
circuit, and having the same extremities, is therefore a re- 
solvent circuit in regard to the given one, because it represents 
the quotient, obtained by the division of the Polynomial 
represented by the given circuit, by one of its linear 
factors. 

93. Again, let the entire polynomial of the «*'' degree ^(«) be 
represented by the circuit 0123. ..»+!. In it let the two 
circuits OA^A^.-.A,,, 0£^B^...B„ (Fig. 78) be inscribed. We 
assume that both the points A^ , £^ coincide with the extremity 
n+1 of the given circuit; i.e. let OAiA^...A„, OB-^^B.j^...B„ 
be two resolvent circuits of the given circuit. Moreover let 
L^,L^, ...,_£„_2be the points ofintersection of the pairs of sides 
A^A^,BiB.^; A^A^, B.^B^; ...; 4,_2<_i,-fi„-aA-i- Then the 
triangles (iA^B^,L-^A^B^ are similar, since their corresponding 
sides are perpendiculai' to one another ; for the same reason the 
triangles A-^B-^L^, A^BJJ^ are similar, and therefore also the 
quadrilaterals dA^B^Lj, ZjA^B^L^ are similar, whence it 
follows that the sides Oij, B-^L,^ are perpendicular to one 
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another. In the same way wo show that the angles LyL^Z^, 
L^L-Jj^, .,., Z^^^I/„_2 w+1 are right angles. 




Hence it follows that the points Oi^ Z^ . , , L^^^ji + 1 are the 
vertices of a circuit of ti—l sides, which is right-angled, and 
is inscribed both in the circuit O^jj^g,..,, and in OB^B^... ; 
that is to say, OL^L^ ... is a resolvent circuit in regard to each 
of the circuits OA-^A^.,., OB-iS^.... In other words, if we 

reduce the lengths in the ratio — p, the circuit OL^ L^ ... i„_„ 

represents the polynomial of the {n — 2)"* degree 

■where « = QA^-.dl, y — O-S^iOl. 

94. Let an equation of the second degree ^ ^ 

bo eivon , 

° a^ap'-^-a^x^-a^ = 0. / 

After constructing the circuit 0123 (Fig. ,/ 

79), whose sides 01, 12, 23 represent the / 

coefficients a^, a^, a,^, it is sufficient, in / 
order to find a root, to constract a right ^ '-—„--' 
angle, with its vertex A upon 12, and its -^'S- JS' 

legs passing through 03. Wo deseiihe therefore a semicircle 
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9 diameter ; if this cuts 1 2 ia the poiiita A-^ , A^ , the roots 
give]i equation will be 

//, 1 A^ 1 



From known pi'Oporticy of the circle we ha.vc : 

aaid therefore 

Jjl+zigl = 2^^4^il - 21, 

A,l+AA «, 
or — t s- = , 

that is to say, the sum of the roots is ^ ■ 

Fm-ther the similar triangles 01^^, J^23 give 

01 -.A-^l =A^2 :32, 

or a^^-.A-^l = —Jgl : — «2, 

, ,, „ A,\. A^ 1 «, 

a]in thereiore - — —s.-- = -£ , 

i.e. the product of the roots is eqnal to -^ ■ 

A simple apparatus depending on the foregoing theorem 
{Art. 91} has been designed by Lill, with the object of 
determining the roots of a given numerical equation. The 
apparatus consists of a perfectly plane circular disc, which 
may be made of wood ; upon it is pasted a piece of paper 
ruled in squai'ee. In the centre of the disc, which should 
remain fixed, stands a pin, around which as a spindle another 
disc of ground glass of equal diameter can turn. Since the 
glass is transparent, we can, with the help of the i-uled paper 
underneath, immediately draw upon it the circuit corresponding 
to the given equation. If we now tarn the glass plate, the 
ruled paper assists the eye in finding the Circuit which deter- 
mines a root. A division upon the circumference of the ruled 
disc enables us, by means of the deviation of the first side of 
the first circuit from the first side of the second, to immediately 
determine the magnitude of the root. For this purpose the 
first side of the circuit corresponding to the equation must be 
directed to the 7.%yo point of the graduation. 
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SEDUCTION OP PLANE FIGURES*. 

95. To reduce a given figure to a given base h, we must 
transfomi the figure into a rectangle whose base is b, or deter- 
mine a straight line /, which when multiplied by b gives the 
area of the given figure. Instead of constructing a rectangle 
on the base b we may eonstnict a triangle on the base 2 h ; 
the height of this triangle is the straight line/. The segment 
b is called the base of reduction. 

When several figures are reduced to the same base b, their 
areas are proportional to the corresponding straight lines 
/ii A' /31 &*'■; whence it follows, that the reduction of a 
figure to a given base is the same thing as finding its area. 

Let the given figure be the triangle OAB (Fig. 80), whose base 
OA is denoted by a, and its height by L Then, since the area 
must remain unaltered by the transformation, fb = \ah^ 

and therefore f = a .-^ ■= h .—-, 

that is to say, we have either to multiply a by the ratio k : 2 i, 
or h by the ratio a-.'ih. 

We therefore take 0C = 1b, b 

join G to B, and draw AT) 
parallel to CB. 

Or else, take on OB the 
point B, whose distance from 
0A= 2 5, join BA, and draw 
BC parallel to BA. 

If we join CB, the triangles OAB, and OCB e 
because we obtain them, if we subtract the equal triangles 
ABB, ABC from, or add them to the same triangle OAB 
(according as 00 is smaller than, or greater than OA). The 
required segment / is therefore in the first construction the 

' CrwtAjTN, 1. a., ?fo, 15 ct scqq. 
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heighfc of the point 2) above OC, and in the second is the 
length 00. 

96. It is not necessary that one of the dimensions /', or 2 h, 
should fall along a side of the given triangle. We may take 
as the doubled base 25 a straight line BC (Fig. 8i) drawn 
from the vertex B to the opposite side OA, provided 2his not 
less than the distance of B from OA ; the corresponding 
height/ will then bo 01), the antiprojection of OA on _BC*. 
Or if 25 is not greater than OA, we can take as the doubled 
base 2 5a chord 01) of the semicircle drawn on OA. as 
diameter In this case the parallel BC to the supplementary 
chord DA is the required height /. 





Fig. 82, 

67. Let it be required to reduce the quadrilateral ABCI) to 
the base h {Fig. 82). Draw CO parallel to the diagonal BB ; 
then the quadrilateral reduces to the triangle OAB, and we 
proceed as above, viz. we make BC = 26, and the antipro- 
jection OB' of OA upon BC is the required length/. 

98. The reduction may also be performed without first 
reducing the given quadrilateral ABCO to a tnanglo. Take 
the diagonal OB (Figs, 83, 84, 85, 86), which must not be 
less than 25, as hypothenuse, and construct the right-angled 
ti-iangle OBB of which the side BB — 2 6. Lot the points 
A and C he projected, by means of rays parallel to OB, 
into A', C on OB, the other side of the triangle OBB ; the 



* The triangles BI'C, BOA : 



BP : BC ^ 01) : OA, 
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tiiangles OCB, OBA are equivalent to the two triangles OCB, 
and OJ^A' ; but in each of these the distance of the base 00", or 





OA', from the opposite vertex = 2S,and therefore the required 
height / for the quadrilateral is equal to OC" + A'O = A'C". 





Fig, 86- 



In the crossed quadrilateral (Fig. Sy) if AC is parallel to 
£0, the points A' and C coincide, and therefore y:^ 0. In 
fact, in this case the area ABCO is equal 
to the sum of the two triangles UAB, 
and UCO, which are of equal area but 
of opposite sign. 

99. The length /is also equal to that 
segment of the straight line drawn 
through A or (? parallel to A'C which is 
intercepted by the straight lines AA\ CC. 

100. The foregoing construction assumes that 2 S is not 
greater than the greatest diagonal OB of the quadrilateral. 
If 2 5 is > OB, the lengths 2 b and / can be interchanged. 
We draw, namely, AE parallel to OB and make CE = 2 5; 
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then, coiiBtriict on the hypothenuse OB a right-angled triangle 
OBB, of which the side 01) is parallel to CE; and then the 
other aide -Si>=/. 

101. In order to reduce a polygon to a given base, whether 
its periphery is self-cutting or not, we begin by reducing it 
to an ecLuivalent quadrilateral. We then apply the above 
construction to the quadrilateral and thus obtain the segment 
/, which multiplied by the base h gives the area of the 
polygon proposed. 




Fig. 88. 
Let the given polygon be 0123456780 (Fig. 88). Draw 
he straight line 8 7' parallel to the diagonal 07 , 
7'6' ,, „ 06, 

;, 6'5' „ ,, 05, 

„ S'i' » ., 04, 

„ 4'3' „ „ 03, 

and the polygon is successively tranaformed into the equiva- 
lent polygons 01234567', 0123456', 012345', 01234', 0123', 
each of them having a side less than the preceding one*. We 
finally arrive at the quadi'i lateral 0123'. 

102. In this construction the new sides 07', 06', 05',.,. of the 
reduced polygons are rays proceeding from the fixed vertex 
0. But we can also proceed in such a manner, that all the 
new vertices 7', 6', 5', &c. lie on a specified side. If we have, 
for example, the polygon Aahcde C012345, and if we draw 
11' parallel to 20 '\ 
22' „ 31' 

33' ,, 42' I till each intersects the side Of, 



♦ The triangles 087, 077' are equivalent, because the straiglit lines 07, 67' are 
IJM'allel ; if we take the first triangle away from the given polygon, and add the 
second one to it, wa obtKin t}ie new polygon 0]23i567'0. And ao on. 
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we determine a straight line All which can be substituted for 
the crooked line ^543210. 

For, since 11', 20 are parallel, the triangles 120 l'20 are 
equivalent, and if we aubh-act the former from the given 
polygon, and add the latter to it, the polygon reduces to 
AabcdeC l'23i5. Similarly, from the equivalence of the tri- 
angles 1'23, 1'2'3 the latter polygon reduces to Aabcde C2'345, 
and proceeding in this manner we finally arrive at the poly- 
gon Aabcde CD. 




In order to effect a ]ik;e transformation for the crooked line 
AabcdeC, we draw 
W parallel to ca \ 
cc' „ db'\ 

^g A tiU each intersects the side Aa, 

eB I Cd'l 

and now the whole polygon Aabcde C012345 is reduced to the 
equivalent quadrilateral ABCD. 

103. This is the easiest and most convenient way of 
finding the areas of figures, the perimeters of which take the 
most diff'erent forma. With a little practice we learn to 
perfoi-m the reduction quite mechanically, and without paying 
any attention to the actual form of the proposed circuit. This 
construction moreover permits us to take account of signs, 
so that in deahng with areas of different signs, the result 
gives the actual sign belonging to their sum without further 
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trouble*. Take, for example, the self-cutting circuit (Fig. 90) 
ABC0123i, wliich represents the cross section of an embank- 
ment and excavation in earthwork, 




Fig. 90. 

Draw 11' parallel to 20 , 

22' „ 31', 

33' „ 42', 

4.1) „ A3\ 

until they meet the side CO, then the given polygon is re- 
duced to the equivalent quadrilateral ABCD, which there- 
fore represents the difference between the areas ABCIi of the 
embankment and /0I23 of the excavation, which have neces- 
sarily different signs. The circuit ABCD has the same sign 
as the circuit ABCIi, or as the circuit /0123, according as the 
embankment or the escavation is the larger. 

104. Circular Fiffiires. A sector of a circle (Fig. 91) GAB is 
equivalent to a triangle OAC, with its vertex at the centre 
and its base a portion AC of the tangent equal to the arc AB. 
In order to obtain approximately the length of the arc AB 
measured along the tangent, we take an 
arc a, 80 small that it can without any 
sensible error be replaced by its chord 
a ; we then apply the chord a to the given 
arc AB starting from its extremity B, 
and continue doing so as long as necessary 
^'^- 5'- till we reach ^ or a point A' very near A. 

Then starting from A or A' we set off the chord a the same 
number of times along the tangent AC'f. The sector OAB is 
now replaced by the rectilinear triangle OAC. 

* CULMANN, 1. C, No, 17. 

t CuLMAHN, 1. c, No, 21, In Chapter IX is given a method of Bsnkine for tLe 
ftpproKimate ceotifioation of circular aros, and also some methods of Profesaor 
Sayno, 
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The segment AB (i.e. the area between the arc AB and its 
chord) ie the difference of the two triangles OAC, OAB, and is 
equivalent therefore to the crossed quadrilateral OBAC. 

105. It is not oecessaiy that the tangent upon which we 
set off the are should pass through an extremity of the arc ; 
instead of doing so it may (Fig. 92) touch the ai-c at any other 





Fig. yj. 



Pig. 93. 



point T. In such case we set off the arc AT on CT, and BT 
on BT. The sector OAB is transformed into the triangle OCB, 
and the segment AB ia the difference between 0GB and OAB, 
i.e. is equal to the doubly crossed figure OCBOBAO, which 
may be considered aa a hexagon (Fig. 93) with two coinci- 
dent vertices at 0. If we draw OB' and OA' respectively 
parallel to AC and BB, the triangles OAC, OBB are transformed 
into the two other triangles B'AC, A'BB, and therefore the 
segment is equal to the quadi'i lateral A'B'CT). 

106, 'Example — 

Let the figure to be reduced be the four-sided figure ACT) 3, 
contained between two 
non-concentric cu'cular 
arcs, AC and 3 B, and the 
straight lines CB, A 3 
(Fig. 94). 

Let 0, 1 be the centres of 
the two circles ; the given 
figure is then equal to the 
sector ^C— the sector 
13 iJ— the quadrilateral 
OAlC. Change the sectors 
into the triangles OAB, 
1 32, by setting off the two 

arcs along their respective tangents AB and 32, starting from 
y extremities A, 3 ; and now the given figure is 
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equal to the triangle 0^5— the ai'ea 0-i32I CO, i.e. is equal to 
tho self-cutting polygon AB0C123A. 

Draw 11' parallel to 2 0\ 

22' „ 31' [ till they cut the fixed side Co, 

SC „ A2') 

and the polygon reduces to the crossed quadrilateral JS C, 
The area i / of thia quadrilateral is found in the usual manner ; 
i.e. on the diagonal A<i aa hypothenuse a right-angled triangle 
is constructed, of which one side AS = 2 S ; the length / is 
then the distance, measured parallel to the other side, of the 
point S from a straight hne parallel to AO and passing 
through C". 

107. As another example suppose we wish to determine the 
area of Fig, 95, which represents the cross section of a so-called 
P-iron. 

It consists; (i}of alune-shapedarea^SJ!'i^, bounded by two 
cu'cular ares, one having If a.a centre, the otlier 0; (2) of a 
crown-shaped piece GBFJfC bounded by two concentiic cir- 
cular arcs BB', GC drawn with as centi-e ; (3) of two equal 
rectilinear pieces* BGJIR and B^C'J'I'H', symmetrically 
situated with regard to the straight line OJJFE, which is an 
axis of symmetry _for the whole figure. 



Fig. OS. 

The lune is equal to the sector UAHA' plus the quadrilateral 
OAUA' minus the sector OAFA', i.e. it equals the sum 
UASA'+ OAUA' + AOA'F. After transforming the two sectors 
spoken of into the triangles UAB, OAG (whei-e AD, AG are 
the arcs AHA' and AFA' set off along their respective initial 

» Vfe say rectilinear, beaimse we anppoae tlie amflll artB CJ, C'J' to be 
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tangents), the lune becomes equal to the sura UAD + OAUA' 
+ AOG, or finally, if we merge these three cu'cuits in one, it is 
equal to the area of the circuit AHUA' OAOGA. Here we can 
neglect the part OA, which is twice passed over in opposite 
senses ; and consequently (Art, 23) the lune is equal to the 
self-cutting hexagon ADJJA'OGA. 

The crown-piece we consider as the difference of the sectors 
OBjy, OCC. After setting off the arcs along their middle 
tangents PP', QQ\ since PQ, P'Q' both pass through 0, the 
crown becomes equal to the trapezium PFQ^'Q, which is the 
difference between the two triangles OFF", OQQ', equivalent 
to the two sectors in question. 

If we now reduce the hexagon ADUA'OG, the trapezium 
PP'Q'Q, and the two pentagons BCJIH to a common base i> 
and find their corresponding segments to be/n, f^, 2/^, then 
^(/o+Zi + ^-A) will be the required area of the given figure*. 

Or we may consider the given figure as an aggregate of 
triangles and trapeziums made up in the following way 

UAD+2 OAV- 0A6+0FF- Oqq' ■\-2BCKH+2GriK, 
where CK is drawn parallel to BR, and JI. We consider the 
areas of these triangles and trapeziums as the products of two 




Fig. 96 a. 
factors, and reduei these products to a base h hy means of the 
multiplication polygon (Fig. 95 a). It is, of course, understood 
that for each area to be subtracted, one of the two factors 
must be taken negatively. 

* In Kg. 95 wo find Zf, directly, if in tho reduction of the figure SUJ'Tll' 
we aulistitute i for 2 h. 
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108. Cttrvilinear figures in general*. It is a weU-known 
property of the parabola^ that a parabolic segment {Fig. 96) ia 
equivalent to ^ of the triangle, whose ba«6 
is that chord of the pai'abola which forms 
the base line of the segment, and the 
vertex of which is that point of the are 
where the tangent is parallel to the base ; 
that is to say, the segment of a parabola ia equal to a triangle 
whose base is the chord, and whose altitude is % the Sagitta : 
■where we understand by Sagitfca the pei'pendicular distance 
between the chord and that tangent of the ai'c which is 
parallel to the chord. 

100. One method then of reducing curvilinear figures, con- 
sists in considering each small portion of the curved periphery 
to be a parabolic ai'c. 

If a curved line (Fig. 9?) is divided into small arcs each of 
which may be approximately regarded as a parabolic arc, and 
if the parabolic segments between these arcs and their respec- 
tive chords are reduced to ti'iangles on tliese chords aa bases ; 
then the vertices of all these triangles can be taken anywhere 
at pleasure on the straight lines drawn parallel to the chords 
J from them equal to ^ their respective Sagittae. 
Let these vertices be taken so that 
the vertex of each new triangle lies 
on the prolongation of one side 
of the preceding triangle, i.e. so 
that the vertices of two successive 
triangles and the point of intersec- 
^"^' ^^' tion of their bases always he in the 

same straight line. Then the curvilinear circuit is reduced to 
an equivalent rectilinear circuit formed of sides whose number 
is equal to that of the parabolic segments into which the given 
circuit wa« divided. The rectilinear circuit or polygon is next 
reduced to its equivalent quadrilateral, and finally this ia 
reduced to the given base in the manner previously explained, 
110. Suppose, for example, we wish to replace the irregular 
boundary line AB between two fields by another consisting 
of two rectilinear segments which fonn an angle with its 
extremities at A and B (Fig. 9^). We consider the curve AB 

* CULJIABH, 1. C, No. 23, 
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and the straight line £A as a circuit, and reduce it to a triangle 
on the haac J^A. 




11' 

22' 
33' 


pai-allel to 


20 


-14' 




53' 


6(7 


,, 


i?4' 



For this purpose we divide the curve into small arcs ; draw 
their chorda and for the segments thus formed suhstitute 
triangles, by the method we have just given above. In this 
way we transform the given circuit into the rectilinear polygon 
A012345lt. Then we draw 



till each cuts the fixed line A ; 



and thua transform the polygon into the triangle ACB. We 
have therefore substituted the two rectihnear segments AC, CB 
for the given in-egular line. The point C can be displaced at 
pleasure along a hue pai-allel to AB, since by doing so we 
do not alter the area ABC. 

111. The reduction of areas to a given base fiirnishes another 
construction for the resultant of a number of segments d^B-i, 
A^B^, &C., &e. given in magnitude, sense, and position (Fig. 99), 
Tate a point as the initial point of a polygonal circuit whose 
sides are respectively equipollent to the given segmente ; let JV 
be its final point. Now transform the triangles 0A-yBi,OA^B^, 
&c., by reducing them to a common base 0]>1, and let them be 
so transformed that they have a vertex at 0, and the side 
opposite to it equipollent to ON. Then the sum, 

0^j5i + 0^25a + &c.,&c., 
will also have been transformed into a triangle OAB, where AB 
is equipollent to ON. The segment AB is the required re- 
sultant (Art. 46). 
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In order to effort the ilo\c mt.iitionfd ti msformation, it 
will be convenient to tak tlio imtnl point^' J^ A^, &c., &c. of 



Eig. 99. 

the segments in a line with 0. Project the points B-y,B^, 
&c,, &c. into the pointa _Bj', _C/, fee, &e. upon ON, by rays 
parallel to OA-^A^ ,,.,aiid then the triangles OA^Bt^, OA^B^^Sdg., 
are transfonned into the ti-ianglea OA^B{, OA^B^', &e. Then 
draw the straight lines Bi'C,^, -S/C^, &c., parallel to NAj^, NA^, 
&e., respectively, and let the points in which they cut the 
straight line OA^A^ ... be (7„ C^,, &a 

"We thus obtain the triangles OCjiV, OC^N, fee, respectively 
equivalent to OA-iB-i', OA^B^', Sec, &c. Tha-efore, if the seg- 
ment OA = OC^+OC^ + kc, is taken on OAj^A^..., and if 
through A the straight line AB is drawn equipollent to ON, 
then OAB is equal to OA^B^+OA^B^, + &c. 
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112. Let us suppose tkat, in the theorems of Articles 43 and 
44, all the points -ff^, B^, ... , B^ coincide in a single point G ; 
these theorems may then be stated as follows : 

If A^G, A^G, A^G,..., A^G are n segments, wJiose remltant 
vanishes, and is any arUtranly assnmed point m- the plane, the 
resultant of Jhe segments OA^, OA^,..., 0A„ is equal (equipoUenf) 
to n times the segment OG (Fig. loo). 




Fig. loo. Fig. loi. 

Conversely : 

Let theee he given n points Aj^, A^, ... , A^, and let the resultant 
of the straight Unes OA-^, OA^,,.., 0A„, tohieh Joia the pole to 
the given points, he equal to n times the straight line OG drawn, 
from, to G, then the same equality holds for any other pole (/ ; 
that is to say, the resultant of the straight Unes O'A-^, (/A^,... , 
O'A,^ is equal to n times the segment O'G ; and the resultant of the 
straight lines GA^, GA^,.,., GA,,, is equal to zero*. 

lis. The point G is called the Centroid of the points A-^, 
A^, .,.,A^. Let the (Fig. loi, where a = 4) points Aj^,A^, ..., 
A^ be given, to construct their centroid G we proceed as 
follows. An arbitrary pole ia taken, and a circuit 
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n conetrueted, whose initial point is and whose 

3 sides are equipollent to the segments OJj, OA^, ... , 

OA^. The straight line Ofi, which closes the circuit, passes 

On 
through the point G, and OG = — . Instead of dividing On 

into n equal parts in order to obtain 6, we may construct a 
second circuit starting from another initial point 0' ; the 
straight line which closes this new circuit will cut On in the 
required point 6. 

114. The system of n given points cannot have another 
centroid G'. For if both the resultant of GAj, GA^, ... , GA^, 
and the resultant of G'A^ , G'A^, . . . , G'A^ should vanish, then the 
general resultant of all the segments GA^^AyG', GA^,A2G', ..., 
GA„, A„ G' would also vanish. But if we combine the two 
segments GA^ , A, G', we obtain tlie segment GG' ; and therefore 
G6' must vanish, that is to say, G' must coincide with G. 

115. Again, if in the proposition of Article 45, all the points 
B-^^, B^, .,., B^ are supposed to coincide with a single point (?, 
the theorem may be stated as follows : 

If 6 is the cmdroid of the points 1, 2, 3, ,.., k, and if all these 
points are projected hy means of parallel rays into the points G', 
1 ', 2', 3', , . . , »' upon one straight line, thert the sum of the straight 

lines 11', 22', 33' nn' is equal to n times the straight line GG' 

(Fig. 103). 

As a result of this proposition, since r/ is 
the (oblique) distance of the point f from the 
straight line upon which we project, the point 
G is also called the centre of mean distances* of 
the given points I, 2. 3, ...,«, 

lie. Instead of supposing in the pro- 
positions of Articles 43 and 44, that all the 
,j. points Bj^, B^, .... B„ coincide with a single 

point G, we now imagine some of them B^, B^, 
..., Bf to remain distinct, and the rest to coincide with a 
single point G; so that the resultant of the segments A^B^, 
A^B^, ...,A^B^,Ai+^G, ..., A„G vanishes; and, whatever the 
position of may be, the resultant of OAj^, OA^,.,., 0A„ is 
equal to the resultant of 05^, OB^, .,.,0Bi,.(n—i).0G. The 

* Carkot, Co'-relatloa d(sjtsai-es de giomclrin (Paris, 1301), No. 203. 
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firat of these equalities does not change, if we substitute for the 
segment A^B,. the two others A,.G, QB^ or J^G,~B^G; the 
second equality will also continue to subsist if we add to both 
resultants the segments S^O, B^O,..., Bfi, so that it becomes 
an equality between the resultant of OA^ , OA,^ , ,,,, 0J„ , -B, 0, 
B^O,..., £,0 and the resultant of OB^,OB^,..., OB^, B^O, 
B^O, ..., B^O, (?i~i).OG; that is, between the resultant of 
OA^, OA^,...,OA,„ ~0B^, -OB^,..., -05^and («-*) . OG. 

Hence; 

y the resultant of the segments A^^G, A^G, ..., J^G, —B^G, 
—B^G,..., —BfGvanisies; then, for any point whatever, the 
1-eauUmt of tlie segmentg OA^, OA^,..., 0A„, -OB^, ~0B^, ..., 
— OBi is equal to (n—i). OG: and conversely if this equality sub- 
sists for any pole 0, it will also hold for any other pole C/, and the 
resultant qf the segments A^G,A^G, .,., A„ G, —Bj^G, —B^G, .,,, 
—BfG will vanish. 

117- Now let us assume that of the n points A-^, A^, ..., A„ 
some coincide with one point, others (in like manner) with a 
second point, and so on; and that the points B^, B^, ..., B^ 
also unite in groups and coincide. Then if we use a^^jaj, «3, ... 
to denote positive or negative integral numbers whose sum 
is in, the foregoing proposition may be stated as follows : 

If the points Ai, A^, A^, ... and the point G are so situated, that 
the resultant of the segments Oj .J^G, a^.A^G, a^.A^G,... vanishes, 
then, wherever the pole may be, m . OG mil lie eqiial to the resultant 
of the segments oj, OAi, o^. OA,^, a^. OA^, ... &c. 
And conversely : 

^this properly holds for any pole 0, mz. that m . OG is eqiml to the 
resultant of oj. 0A■^^, a^. OA^, a^. OA^, .,., then the same property 
holds for evmy other pole (f, tliat is to say, the resultant of a-^ . ffA-^ 
a^.O'A^,a^.GA^, ... is equal to m . O'G; and the resultant of 
the segments a^.GA^, a^. GA^, o^. GA^, ... vanishes. 

116. The point G is called the centroido/'^^e^o!«(s-i;^, A^,A^, 
... weighted with the coefficients %, o^, 03, .... Jor shortness 
however we say that G is the centroid of the points a^.A^, 
a^-A^, a-i.A^,..., writing before each point the coefficient 
which belongs to it. 

118. Furthermore, from the proposition of Article 45 we 
obtain the followrng theorem : 

^' G is the centroid of the points aj.yJ, , a.^.A^, a^.A^, ... and if. 
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iy means of parallel rays, the poinU 6, A-^, J^, A^, ... are projected 
into the points 6', A\, A'^, A\, ... wMck lie on a straight line, then 
the stim of the straight lines a^.A^A-^, a^.A^A^, a^ .A^A^, ... is 
equal to m . GG', where m, = o^ + o^ + Og + . . ., 

On account of this property G is also called the centre of 
■mean distances of the points a^.A-^, a^.A^, a^.A^, ,..*. 

120. Hitherto the coefficients a^, o^, Og, ... have been poaitive 
or negative integral mmzbers; we shall now extend the idea of a 
Ceniroid to the case where a^ , o^ > "3 > • ■ ■ ^^^ "•'^V liy-mliers whatever, 
or rather parallel segments proportional to any given homo- 
geneous magnitudes 

Let then the points A-y, A^, A^, ... be given, weighted with 
the numbers or parallel segments n^, a^, «g, .... Project the 
given points on to a straight line j^', by means of rays parallel 
to some arbitrarily chosen direction, into A\, A'^, ...; and by 
means of rays parallel to another direction chosen at pleasure, 
project the same points into A'\, A"^, AI\, ... on a second 
straight line p", not parallel to j^'. Now determine a straight 
line / parallel to p', such that the distance from )■' to ^ 
measured parallel to the rays^^ji'^.^j-^'s'^a^a' ...lis equal to 
a^.AyA\^'a,^.A^A\-^o.^.A^A\\-... _ 

similarly determine a straight line /' parallel to //', such 
that the distance from /' to p", measured parallel to the rays 
Aj^A'\, A^A", ..,, is equal to 

flj . AiA'\ + a^.A^ A'\ + a, . ^3 A",, + ... 
"^^ 01 + 02 + 03+... " 

Let G denote the point of intersection of the straight lines 
/, r", and G', G" the projections of G upon the straight lines 
p', p" {by means of rays parallel to AA', AA" respectively), 
then we shall have : 

01.^1^1'+ a2.^2^'2 + a3.^^'3+... =(01 + 02 + 03 + ...}. (?(?' 
ai.^l^"i + 02.^2'^"g + Oj.Jy4"3 + ...={ai + 02 + a3+. ..).(?(?". 

Next, let p"' be any third given line, let us project upon it 
the given points and the point G, into the points ^'\, A" ^, 
A"\,..., G'", by rays parallel to a new direction. Between the 
three rays which project the same.point A■^ or A^ or A^, there 

* L'HuiLiEB, ^Umeiis d'analt/se giomitrig^e et A'aaalsse algibriqne etc. 
(Paris, 1809), § 2. 
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exists (Axticlo 1 6) a linear relation with constant coefficients, 

Le. we have r 

k'. A^A\ + r. A^A'\ + k'". A^ A"\ = k, 
M. A^A\-\-k". A^A\-i-k"'. A.^A"\ = k, 
k'. A^A\ + if'. A^A^-i-Sf". aIa"\ = k, 



U. 6 G' ^k".6 G".-\-k"'. G G'" = k. 
Multiply these equations by ajiO^, 05, ..., — (Qj + i^ + Qg+ ...) 
respectively, and add the products ; then we obtain, taking 
the equations already established into account, 
¥".{a,.A^A!'\->ro.,.A.^^".,^-a^.A^A"\^... 

-(a, + 02 + o,+ ...).GG"'} = 0, 
or, 

That is to say : 

If we project the points A^, A^, A^, ..., 6 upon aiiy straight line 
whatever h^ means of rays, which are parallel to an arbitranly 
chosen direction, then the produet of the ray which projects G 
hy {a^ + a^+ag+ ...) is equal to the sum, of the prodncts formed hy 
midtiplying each of the rays ichich project A^, A2, A^... by a-^^, a^, 
«3 , ... respectively. 

We call the point 0, so defined, the eentroid of the points A-^_ , 
A2, Ag,... loaded with the numbers or segments a^, a^, 03 

The eentroid does not change if we substitute for the coeffi- 
cients ai,a^,a^,... others proportional to them, for by so doing 
we do not change the ratios of a^, a^, ng..., to aj^ + a2+a^+ .... 

121. -5^ ihe points A^, A^,A^, ,,., and G are projected, iy means 
of rays parallel to a straight linep", on to another straight linep', and 
if we use (/ to denote any point whiiiever of pf, we have identically: 

Oj.0'^'j4-a,.0'^'3 + a3.0'^'3+... = K + a2 + «'3 + ...)0'ff'. 
Ifwe draw through (/ a straight line parallel iap", and pro- 
ject onto it, by rays parallel toy, the points ^j,^^, A^, ...,G 
into the points A'\, A".,, A"g, ..,, G", we have the identities 
AiA'\ = d\(/, A^A'\ = A\0', A^A'\=A\0' ..., GG" = G'ff- 
but from the foregoing theorem we have 

ai.^iJ"i + "i-^2A + «3-AA + -..= K + ni + ''3 + -)-^^"' 
and therefore the above proposition is true. 

122. If is an arUiraty point, the resultant of the segments 
a, . 0^1, og. OA^, cTj. OA.^, ..., is (a^ + a2 + a^+...).0G. 

By the segment a . OA we understand a segment parallel to 
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OJ, drawn either in the sense of OA or in the opposite sense, 
according as a ie positive or negative, and whose magnitude is 
equal to that of OA increased in the ratio of a:l. Draw 
through the point a straight line 2>'i and project upon it, by 
means of parallel rays, the points A-^, A^, A^, ... , 6 into the 
points ^'^,^'2, ^'3,.--, G'. Then the segment 0^ is the resultant 
of the segments OA', A' A, and therefore if we increase these 
segments in the ratio a : 1, the resultant of a . OA', a . A' A will 
he a, OA. It follows, that the resultant of a-^. OA^ja.^. OA^, 
Og. 0J_,, .,., may be obtained by combining all the segments 
a^^.OA\, B^. OA'.:, a^.OA'^, ... with the segments a^.A-^A^, 
a^.A'^^A^jO^.A'^A^, .... But the resultant (i.e. the sum) of 
ai.OA'j_,a.^.OA'^, a^.OA'^... m {a-^-\-a^ + a^ + ...).0G', and the 
resultant (or sum) of a-^^,A'■^A■y, a^.A'^A^, Og. A'^Ag, ... is 
(a^ + ag-f 03+ ...). 6'G ; therefore the resultant of the segments 
Qj . OAj, Oj. OA^, 03 . OAg, ..., can be obtained by combining 
thetwo segments (oi +02 + 03...). OG',{a^+a^ + ag...).G'G,sjid 
consequently , it coincides with the segment (aj + a^ + a^ +...). G. 

123, If His the ceniroid of the points a^ . A^, a^.A^,ag.Ag,..., 
and K the een.'h-oid of the j)oints ^-^ . B^, ^^.Ji^, ..., tli^n the centroid 
of all the ffivett points Hj^. A-^, a^.A^,..., ^j,-Bj, ^^.B^,... coincides 
with the aentroid of the two points m.H,n.K, where 

«i = (aj + a, + ...), « = (/3i + A! + -)- 
For, taking an arbitrary pole 0, if we combine the straight 
hne m. OH, the resultant of the segments a^ OA-^, a,OA.^, .,., 
with the straight line n.OK, the resultant of the segments 
fi^.Bj,^.,.H„..., we find that {m + n}.OG, the resultant of 
m . OH, and n . OK, is also the resultant of all the segments 
a^.0A^,a^.0A.,,...,^j.OB^,l3^.OB,, .... 

124. ^ all the points A^, A.^, A^,,,, lie on a straight line, their 
cenfroid G lies in the same straight line. 

This is clear, if we take the pole upon the straight line 
A-iA^A^...; for then all the segments Oj. OA-^, a^. OA^, a^. OA^... 
lie in this straight line, and therefore also their resultant 
m , OG lies in the same straight lino. 

From this it follows : 

^ we pro^'ect A^, A^, A^, ..., A„, G iipon an arbitrarily chosen 
straight line into the points A'^,A'2,A'^.,,,A'„, G', then the point 
G' is the centroid of the points a^ . A'^ , 0^ . A'^ , a^ . A'^ .,., a„ . ji'„. 

Lot there be only two points J,, A^ (l''ig. 103, where the 
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segments a^, a^ are simply denoted by the numbers 1, 2} with 
coefficients Oj, c^, then their centroid (? is a point of the 
straight line ^lA^ . Since the resultant 

of the straight lines a^ . GA-^, a^. GA^ ,, J 'xr4'--~-J^^ 

is equal to zero, we have t 

a^.GA^-^a^.GA^=.0, V 

or A,G: GA^ = a^:a^, 

and therefore 

A^G : GA^ r ^i ^2 = «2 - «i ; «2 + «! ; 
that is to say, the point G divides the segment A-^ A^ into 
two parts, which are inversely proportional to the numbers 
o^, o^, and it lies inside or outside the given segment, according 
as Oj, Oj have the same or opposite signs. 

If Oj = a^, then A^G = GA^, i. e. is the middle point of 
Aj^A^. If a^ + o^ = 0, we obtain from the proportion AiG: 
AiA^= a^-.a^-i-a^ the value A-^^G = zc, i.e. G is the point at 
infinity of the straight line A-^ A^ . 

126. Let there be three given points A^, A^, A^ not in one 
straight line (Fig. 104) ; and let o^, o^, Og, 
whose sum is not zero, be their coefficients. 
The centroid of the points o^. A^, 03 . A^ 
is a point S^ on the straight line A^A:,, 
and the centroid of the given points o.^ . A-, , 
a^.A^, "3.^3 is therefore the centroid of 
the points Oj.jJ^, (o^ + a^) . B^, that is, it "* 
is the point 8 on the straight line A^B,, ''^' ^°'^' 

which is determined by the relation 

GS,:A^B^ = a,:a^ + a^-l-a^. 

But the triangles Aj^A^A^, GA^A^ are proportional to 
their altitudes, therefore also to the oblique distances A^B^^, 
6B^ of their vertices from the common base ^^''^ \ therefore 
GA^A^-.A^A^A^ =a^:ai + a^ + o^. 

Similarly we prove that 

GA^A^-.A^A^A^ = o^:o^ + a^ + a^, 
GA^Az:A^A^A^ = a^: o^-\- a^+ o^, 
and therefore 

GA^A.^: GA^A^: GA^A^ = ai-a^^o^. 
That is to say ; the centroid G of the three points a^.A^, Og . A^ , 
03.^3 divides the area A^A^A^ into three triangles GA^A^, 
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GA^A-^, GAj^A.2, whicli are proportional to tho coefficients a^. 

Given, the points Aj^, A^, A^, every system of values for the 
loads Qj, Oa.ag, determines a point G on the plane ^j ^2^5, and 
convereely to every point 6 of the plane there corresponds 
a fixed system of values equivalent to the above. This is the 
principle of the calculus of the centroid of Mobius. 

126. It follows (from the foregoing articles) that if we wish 
to find the eentroid Gof the given points ^;^, ^2,^3,... (Fig. 105) 
i with the c 




(numbers or segments) Oj , Ojj , 
Qg, ...jWemust construct two 
circuits starting from two 
different initial points 0, (/ ; 
the sides of the fii'st being 
equipollent to Oj . OA^ , a^ . OA^ , 
03 . OA^, ... , and those of the 
second to a^ . (^A.^ , a^ . O'A^ , 
Fig. log. a^.O'A^, .... The straight 

lines OB, O'B' which respect- 
ively close the two circuits, intersect in the required point 
6, and we have 

OiS = (aj + a2 + fl3+...).OG, 

(7i£' = (a, + «2 + «3 + ...).0'iS*- 

If the coefficients a^, Oj, &c., &C. are proportional to given 

segments %, rt^, &c,, &c, they will also be proportional to 

loEids -^'-^' &"■> &c. where h is any arbitrary segment; we 

can therefore make the sides of the first circuit equal to 



ic, and if OR is the 



the lengths -J OA^, -^ OA., 

line then ^. 05 = (% + 03 + %+...)• Off. Hence it follows, 
that G is found, without constructing a second circuit, by 
determining on the closing line the segment 

00= ''■'"'- 

«i + «s + a3 + ... 
If the coefficients aj^,a^,kc., ... are proportional to the areas 
a^, S3, &o., Sf-c, which when reduced to a common arbitrary base 
& are equivalent to the rectangles foj, ^«2i ■•■> ^^- > ^^^y 'wili 
* GiiASSSiisy, 1. a., p, 142. 
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also be proportional to the Begments a-i,a^, ..., or to the loads 

-r ! -r, •■■! and if the ciLcuit be constnicted with the aides 
M h 

p^OJ,, ^0A„, &c ,&c., then OG = ^''^^ ■ . 

h. '■ A ^ aj + ttg + fflg, ... 

127. If G is the ccntroid of the points a^ . ^j , Og • -^g , a^.A^, 

..., and any point whatevei-, we have seen that the resultant 

OR of the segments Oj . OA-^ , o^ . OA^^ Og . OJg, .,,, is given hy 

OG, 



equation 


OE = {a^ + a^ + a., + ...). 


snce 


^^ 



If 0^ + 02 + 03+ ...= 0, while OE is cot zero, then 
OG = 00, or the centroid G is at an infinite distance. To 
find in what direction G lies, let B-^ be the centroid of the points 
o^A^, OsAi ■-■, "n-^n- Then 5j is at a finite distance, because 
"2 + '''3+ -■•, On is not equal to zero, but is equal to — a^. Let 
OS. be the resultant of —a^ OB^ and OjOJ^, this resultant will 
be equipollent to a^B^A^, that is it will be independent of 
the point 0. Consequently the resultant of «j 0-4j , a,/)A^, ..,, 
a^OA„, where o^ + Og, ..., a„ = 0, is constant in direction and 
in magnitude wherever may be, and is equipollent to the 
segments a^B^A^ = a^B^A^ = ... a,,B^A,, ; 

where ^r i^ the centroid of the points OjA^, o^A^, .... a,._-,A,._-,, 
a^+i^r+n ■■■> "^-^ii- 'J-'li^ point at infinity common to the 
segments B^^Aj, B,^A^, ..., is the centroid G of the given 
points. 

Let parallel straight lines be drawn through each of the 
points j^i, j^3, ...,-B;i, Sj, ... in any arbitrary direction, and 
let them be cut by a transversa! in A{, A^, . . . , B{, B^ ..., the 
theorem of Art, 121 applied to the points Og^ai a^A^. . .a^A^ and 
to their centroid B^ gives 
a.^A^A^'+a^A^A^', ...,a„A^A„' =[a^ + a^, ....a^lB^B/ 

= -a^B^B^. 
Therefore a^A^A^' + a.^A.^A^ ^- ... = a-,{A^A^' - B^B{\, 
consequently a-iA-^A-l -^ a^A^A^ ■{■ ... a„A„A^ = 
if the transversal is parallel to B■^^A^, i.e. is drawn towards the 
centroid G at infinity. 

In the particular case when OS = 0, or when B^ coincides 
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■with A^, 7^2 will also coincide with A^, &c., &e. The centroid 
(? is tkcn quite indeterminate ; or, in other words, the system 
of points «x-^x! "a'^ai ■■• ^^^ ^o centroid. The sum 

is then zero, whatever the direction of the parallel lines 
Aj^A/, A^A^ .,., and of the transversal ^/J^' ...*. 

128. Through the points ^j, ^3,^3, ..., and through their 
centroid G segments Jj-Sj, ^g^^, ^3-Sg, ..,, Glfaie drawn in 
an arbitrary direction parallel to one another, and proportional 
to the co-efficients %, 02,%, ...,ro = aj-l-aa + ,.., taking account 
of signs ; that is, having chosen the positive direction of the 
segments, let the segments proportional to the positive co- 
efficients be drawn in that direction, and those proportional to 
the negative coefficients in the opposite direction. Let be 
an arbitrary point, and through it draw a straight line parallel 
to the segments AS, and upon this line project the points 
A^, A^f Ag, ,,,, G by parallel rays into A{, A.^, A^, .... G' ; 
then by the theorem of Art. 119 we have 

a-,,A^A^' + a^.A^A^ + a^.A^J.^ + ... = m.GG'. 
But the numbers a^,a^,a^, ...,m are proportional to the bases 
of the triangles OAySi, OA^B^, OA^B^, ..., OGII, and the 
segments A-^A-^, A^A^, A^A^, ,.., GG' to the heights of the 
same triangles, hence the following theorem ; 

The STirn of the h'iangles which join the segments A^Bj^, A^B^, 
A^S^,..,, to 0, is eijual to the triangle which joins the straight 
line GH to the same pole 0. Whence it follows that GH is the 
resultant of the segments A^S^, A^B^, A^B^, ..., (Ai't. 47). 

129. This furnishes another construction for the centroid G. 
After drawing through A^, A.^, A^, ... (Fig. 106) the segments 



, in an arbitrarily chosen difection, we combine 



them in the manner of Article 53, 

* M5liIUS, Sarj). Cahul, ^ 3, 10. BAi-l'i 
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We Bhall fchus obtain a straight line r, in which the result- 
ant segment lies, and which must therefore pass through G. 
We now repeat this combination, only clianging the common 
direction of the segments a^, o^, Og, ,,., and obtain another 
straight line / ; the lines r and / intersect in the required 
centroid. 

180. A figure (linear, superficial, or solid) is called homogeneous 
if all its points are weighted with equal coefficients. Geo- 
meti'ical figures are understood to be homogeneous, unless the 
contrary is stated. 

If the points ia a figure are collinear two and two with a 
fixed point, and situated at equal opposite distances from it, 
the fixed point is evidently the centroid of the figure. For 
instance, the centroid of a rectilinear segment is its middle 
point ; the centroid of a parallelogram is the point of inter- 
section of its diagonals ; the centroid of a circle, of a circum- 
ference, and of a regular polygon, is the geometrical centre of 
the figure (Figs. 107 and jo8). 



If the figure has an axis of symmetry, that is, if its points 
ai'e two and two on chords bisected normally by an axis, this 
axis will also contain the centroid. 

131. Let the figure be the triangle ABC (Fig. 109). If D is the 
middle point of BC, the straight line AD divides the area ABC 
into two equal parfa. To every point X in one half there cor- 
responds a point X' in the other half, such that the segment 
XX' is parallel to BC, and bisected by AD. 
The centroid of every couple XX' is there- /\ 

fore on AB, hence the centroid G of the y--'k--^ 

area ABC lies on AB. Therefore G is the -^■"' '"' ""^^ 
point of concourse of the three median 
lines AB, BE, CF. It divides each of the °' '°^' 

three median lines into two segments which are in the pro- 
portion of 2:1. For, since the triangle ABB is cut by the 
transversal FGG, we have 

H 3 
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Al BC ^__ 

FB'CI)'GA~ ■ 

But AF= FB, BC= 2l)C, therefore 

BG_ , 

tS ~ - ' 

or GD = i AB, and similarly GM = i BE, GF= i CF. The 

point G ia also the ceiiti'oid of the three points A, B, C. 

132. If a (linear or areal) figure is made up of a system of 
rectilinear segments, or triangular areas, then its centroid 
is that of the points 01.^1,0^.^21 "a- -^31 ..., "where A-^^^A^,!^, ... 
are the centroids of the segments or triangles, of which the 
figure is made up, and the (numerical or segmental) co- 
efficients «!, "a' "s' ■'- ^® proportional to the segments or 
triangles themselves. 

133. Let the figure be a circuit with rectilineal" sides. Let 
A-^, A^jA^, ...'bsi the middle points of the sides, and a^,(i^, 
d^, ... segments prop-ortional to the sides. Then, if we find 
by one of the methods already described (Articles 126, 129) 
the centroid G of the points A^, A^, A^, ,.., weighted with 
the segments a^, o^, Q3, ... ; G is the centroid of the given 
circuit. 

134. If the circuit is part of the perimeter of a regular 
polygon (Fig. no), its centroid can be found in a much simpler 
way. Draw a diameter of the inscribed circle, and let the 
sides of the circuit be projected orthogonally upon it. Let <r 
be a side, A its projection, )■ the radius of the circle which is 
drawn through the middle point of o; and ji the perpendicular 
let fall from the latter point on to the diameter ; then the 
right-angled triangle of which a- is the hypothenuse and \ one 



^ 




=^cr' 












M 



of the other sides, is similar to the triangle, whose hypo- 
tlienuse is r and one of its other sides 71. 
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Therefore we have 



Write down equations corresponding to these for all the sides 
of the circuit, and by addition we get 

where I is the projection of the whole circuit. 

Let G be the centroid, ^ the perpendicular let fall from 
G upon the diameter. Since G is the centroid of the middle 
points of the sides, supposed to be loaded with the co- 
efficients ffj, (Tg, &c. respectively, we have (120, 133} 

where s means the length of the whole circuit. Therefore 

rl=i/s, I.e. >J = -- 

This equation gives the distance of the point G from the 
diameter; the point G must also He on that radius {OC) of 
the circle, which bisects the circuit, since this radius is an axis 
of symmetry of the circuit. Draw a straight line EF = s, of 
which one extremity B lies on the diameter, and the other 
extremity ^upon the tangent of the circle, which is parallel 
to this same diameter ; and then take upon EF a segment 
EH = I, and through M draw a parallel to BF, cutting the 
asis of symmetiy OC in G; then, since the straight line EF is 
cut by the parallels FO, HG, DF, we obtain : 
FF _ distance of J J" from FO 
IS " distance of EG from EO ' 



/ distance of EO i'rom G y 
and therefore G is the required centroid. We notice in the 
formula obtained above, that ^ is the projection of the (unclosed) 
circuit upon any diameter chosen at pleasure, and y is the per- 
pendicular distance of the point G from the same diameter. 

Another constnution. Upon the tangent CM, drawn at right 
angles to the axis of symmetry OC, set off a segment 
CM = !•», join OM, and draw from that extremity {A) of the 
given eii'cuit, which lies on the same side of the axis of 
symmeti-y as M, a parallel to OC, to cut Olf in N; through N 
draw a parallel to CM, till it cuts OC in G. In the similar 
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triangles OCM, 06N tho 1 



3 ai^e respectively - 



, where 



by I we understand the projection of the circuit upon the 
diameter perpendicular to OC. The altitude of the first 
triangle ia r, and therefore that of the second is equal to the 
distance of G from the centre 0*. 

135. This construction is applicable even when the regular 
polygon, of whose perimeter the given circuit is a part, has 
an infinite number of sides, that is, when it becomes a circle. 
Hence let the given line be an arc AB of a circle whose centre 
is (Fig. ill); let s be the length of the are, the half of 

which CM is set off along the tangent at 
its middle point. Project the extremity 
A into N upon OM by means of a parallel 
to the axis of symmetry OC, and through 
N draw a parallel to MC cutting OC in G, 
then G is the centroid of the arc AB. 
For we have 
CM:CO= GN:GO, 
CM=\s, GN=\l,CO = r, 
GO^y. 

136. If the given circuit is the perimeter of a triangle 
ABC (Fig. 1 1 a), its centroid G is the centre of the circle 
inscribed in the triangle DEF, whose vertices are the middle 

points of the sides of the given 
A It B triangle. For, B, M, F are the cen- 

troids of the rectilinear segments 
BC, CA, AB ; and therefore G is the 
centroid of the points a.D,0.F,y.F, 
where 

a:^:y = BC:Cd:AK 
The centroid A' of the points 
^.E, y.F divides the segment EF 
into two segments FA', A'F, such that 

FA':A'F= y.ff = AB: CA = ^ AB:^ CA = FB-.DF. 
Therefore DA' is the bisector of the angle EDF, and conse- 
quently G, which is the centroid of the points a.I),{^ + y). A', 
lies on the (internal) bisector of the angle D of the triangle 

* CULJIAHK, 1. C, No. Sll. 



therefore 
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BEF. Similai-ly G must also lio upon the bisectora SB', FC' 
of the other two angles, and therefore G is the centre of the 
circle inscribed in the triangle DBF. Q. E. D. 

137. Let the given figure be the quadrilateral ABCD (Figs. 
113, 114, 115), which may be regarded as the algebraical sum 
of the two triangles ABB, CJ)B into wliich it is divided by the 
diagonal BD. Let E be the middle point of BD. The centroids 
Gj, (?2 of the two triangles are respectively so situated on the 




straight lines AE, CE, that G^}iJ= ^AE and G^E = ^CE. There- 
fore the centroid G of the quadrilateral ia the centroid of the 
two points oi . G^, og . G^. where a^:a^ = ABS : CBD = AF: FC, 
where F ia the point of intersection of the two diagonals BB, 
AC. Since G^ G^ divides two sides of the triangle AEC into 
proportional parts, it is parallel to the third side AC; whence 
it follows, that the straight line EG divides G^ G^, and AC in 
tho same ratio, namely GG^:GG2 = a^:ai = FC:AF. Li 
order to divide AC in the ratio FC:AF, it ia sufficient to 
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interchange the Bogmcnts AF, FC, that is, to make AH = FC, 
and lie - AF. The line joining S to ^ divides ff^ G^ in the 
required point G. 

The parallels G^ G^ and AC divide FA, EC, FS in the same 
ratio; and therefore GF=IIIF, since G^E = ^AF, and 
G^F = iCK 

If instead of 5i) we employ the diagonal AC, whose middle 
point is E, and if we interchange the segments BE, FD of JiD 
(i. e. if we take S£ = FD, and £2) = FF) ; then the point G 
is so situated on ZK, that GK = IFK. 

But E, the middle point of SF, is also the middle point of 
F£, and similarly E is the middle point of FH; henco G is 
the centroid of the triangle FJjS, that is to say: 

T&e centroid of a quadiHateral coincides with that of the triangle, 
whose vertices are the point of intersection of the diagonals, and 
the two povnts obtained hy interchanging the segments on each of the 
two diagonals. 

Hence it follows that the straight line EG passes through 
the middle point JoillL*. 

138. If AD, BC are parallel (Figs, 1 1 6, 117), and if we draw 
through the eentroida of the triangles BCD, ABB parallels to 





AD, these parallels divide the straight line MN which joins 
the middle points of AI>, BG into three equal parts. Since 
the straight line MN contains the middle points of all 

>* CULHANH, I.e., No. 95. Cfr. QiiaHei-li/ Journal of Mathe.iaat'ks, Tol. 6 
(l^'o&oa 1834), p. 127. 
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chords parallel to AJ), it is a diameter of the figure, 
and therefore the point G lies in it, and divides its central 
segment into two parts proportional to the areas of the 
triangles in question, i.e. proportional to BC, AD. The parts 
of this central segment (since their sum is JilCT, and their 
ratio AB-.BC) are respectively equal to 
MN.AS MN.BC 

3{AII + £C)' ■&{AD + BC)' 
and consequently 

^^ ^ S{AI) + BC)~ 3{AD-t-BC) 

'^ ^ S{AD + BC)~ S(AI) + BG) ' 
whence MGiGN = BC+2AD:AD+2 BG. 

Every straight line therefore which passes thi'ough G, and is 
contained between the parallels AI), BC, will be divided by 6 
into two parts proportional to BG + 2AJ) and AJ)+2BG re- 
spectively. If now on BG we take GP = AD, and if on AD 
we take AQ = CB, it follows that the straight line PQ will be 
divided by Ml^into two segments proportional to MP, QN; but 

MP = iBC+AD, qN=BG^-lAD, 
or MP:QN=BG-i-2AD:AD+2BG. 

Hence PQ passes through 0. Since BP, QD are equal and 
parallel, PQ and BD bisect one another; therefore PQ passes 
through &' the middle point of BD, that is, PQ coincides 
with HR 

If moreover we take on AD 

D8 = CB, AA' = ^ AS, 
and if on BC we take CC = AA' ; then, because 

A'N= AN-AA' = \AD-^{AD-BC) = l(AD+2 BG) 
and MG' = 31C-\-GC = \ BC + i^ (AD - BC) = 1{BG+2AD) ■ 

thexeiore A'N:MC= J D + 2 BC:BC +2 AD, 
that is A'G' passes through G. 

Hence we obtain two simple constructions for the centroid 
of a quadrilateral with two parallel sides (i.e, a trapezium), 
either as the intersection of MJV with PQ, or aa the intersection 
of J/i\^with-i'C*. 

* CuLMANH, ihid. WaiKeH, On aa easg construction of the centre of 
graviit/ of a trapezinm. (Quarterly Journal of Mathematics, vol. H, London, 
1868, p. 339.) 
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130. The construction given above for the eentvoid of a 
quadrilateral fails in the case where the diagonals AC,BJD are 
parallel (Fig. ii8). But in this case the 
triangles ABS, BCD are equivalent, and of 
opposite sign, so that a-^-\-o^= 0. It fol- 
lows that the area of the figure is zero, and 
the centroid lies at infinity in the direction 
common to AC and BB. 

140. Now lot it be required to find the centroid of any recti- 
linear figure whatever. We may consider the area of the figure 
to be the algebraic sum of the triangles, formed by joining the 
sides of the circuit to an arbitrary point 0. Having found 
thecentroids^^, j/^t^ai ■■• of these triangles, and reduced their 
areas to a common base so that they are proportional to the 
segments o^, o^, gj, ... , the centroid in question is the centroid 
of the points a^.A^,o,^.A^,a^.A^, ... which may be constructed 
by one or other of the methods already explained. 

If the pole is taken quite ai'bitrarily, then the number 
of triangles is equal to the number of sides of the circuit ; 
but if we take upon one of the sides, or at the point of 
intersection of two of them, then the number of triangles is 
reduced by one or two units respectively. 

Instead of regarding the proposed figure as the sum of 
tiiangles, we may also consider it as the aggregate of the 
quadrilaterals and triangles, into which it can be decom- 
posed by means of straight lines conveniently drawn. 

141. Example. Let iiie given figure be the self-cutting 
hexagon ABGDMI {S\^^. 1 19), which is the sum of the triangles 
OBG, OCB, ODE, Of A, being the point of intersection of 
the sides AB, FF. Of these four triangles, the fii'st and Isst 
are positive, the other two negative. Let their centroids 
^j, (?2, Cg, ffj be found, and let the areas of the tiiangles, 
reduced to a common base, be proportional to the segments 
0^,02,03,04. These segments a have the same signs as the 
triangles, the first and last of them are positive, the second 
and third negative. If now we wish to employ the method of 
Art. 126, we must first reduce the four products o^. 06^ to a 
common base A. In the figure, an arbitrary sti'aight line cc is 
di'awn thi-ough 0, its positive direction is fixed, and upon it 
the segments ^,0^,02, 03,04 are set off from their common initial 
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point {h, flj, ftj, in one sense; OgjOg in the opposite sense*}. 
Thun the final point of A ia joined to G^, and through the 




final point of ^ a parallel is drawn to this joining line cutting 
OG^ in H^. Thus we obtain OG^-.h ■=. 0H^:o,., and therefore 
Of. 0G^= k. OH^. Now construct a circuit starting from 
with its sides equipollent to 011^, Olf^, OIl^, OH^ ; the closing 
line is OR. rinally to construct the point G, given by the 
relation It.OJi 



we set off along Os from its initial, point the segment 

0^=a, + 0s + a3 + a^, 
join its final point to fi, and draw through the final point 
of ^ a parallel to this joining line cutting OR in G. 

142. Again, let the figure be the cross-section of a so-called 
Angle-iron (Fig. 120). Divide it into sis parte, four ti'apeziums, 
one triangle, and one parallelogram, denoted in the figure by 
the numbers 1,2, 3,4, 5,6. Construct the centroida of these six 
parts, and reduce the areas to a common base, determining the 
proportional segments 1,2,3,4,6,6; and set off those six segments 

* In Fig. 119 tlie final points of the segments A, a are denoted by these letters 
tliemaelvea. Some of the straiglit lines mentioned in the text aie not drawn in 
tlie figure. 
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[1 along a straight line zz. Thon through an arbi- 
trarily chosen pole XJ draw rays to the points of zz, wliieh 




bound the segments; next di-aw through the cciitroids of the six 
component figures parallels to zz, and construct a polygon, with 
its vertices lying on these parallels, and its sides respectively 
parallel to the rays emanating from J]. The two extreme sides 
of this polygon will intersect in a point ; through which if 
a parallel to se is drawn, then this straight line must 
contain the required eentroid. In order to obtain a second 
straight line, possessing the same property, we either repeat the 
above detailed operations for another' direction different to zz ; 
or else construct, as shown in the figure, a new polygon, whose 
vei-tices lie upon straight hnes drawn through the centi'oids 
1, 2, 3, 4, 5, 6 perpendicular to zz, and whose sides are respect- 
ively perpendicular to the coiTesponding rays of U. It is quite 
clear that this is just the same thing, as if we drew a new 
straight line zz perpendicular to the first, and then dealt 
with it just as we formerly dealt with the fii'st zz. It should 
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be remembered, that in setting off tlie segments 1, 2, ... 
along ez, attention must be paid to their signs if the partial 
areas into which the figure is divided are not ail of the same 
sign *. 

143. In the foregoing construction two polygons were used 
for the purpose of finding two straight lines, passing through 
the centroid we were in search of. 

But whenever we know a priori one 
straight line in which the centroid 
must lie, one polygon is auificient, 
for example, when the figure has a 
diameter. This case is illustrated 
by the example (Fig. i2i), where 
the figure possesses an axis of 
symmetry. 

The figure represents the cross- ^j j^j 

section of a dtmlU Tee-iron. 

144. We proceed now to the ease of eentroids of curvilinear 
figures, and first we examine that of a circular sector OAB 
(Fig. 122). We consider it to 

be divided into an indefinitely 
large number of concentric ele- 
mentary sectors. The centroid 
of each of these, regarded as a 
triangle, lies upon a circle 
drawn with radius OA' = ^OA. 
The required centroid is there- 
fore the centroid G of the arc A'B'. 
point (Art. 135), set off the semi- 
arc CA along the tangent CM, join 
OM, and draw A'N parallel to 
OC until it intersects OM in N. 
Then G is the foot of the perpen- 
dicular lot fall from N upon the 
mean radius OCf. 

145. Next, let the circular seg- 
ment ABC (Fig. 123) be given. 
This is the difference between the 
sector OAB and the triangle OAB, or the sum of the sector OAB 




Fig. 122. 
In order to find that 




^. 






c, No. 96, 
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and Ihe triangle OB A. Therefore the centroid G of the aegment 
lies on the straight line (the mean radius OC) joining the 
centroids G-^, G^ of the sector and triangle, and divides the 
segment Gj G^ into two parts inversely proportional to the 
areas of these figures. If we take OA' = %0A, and find the 
point N as just shown (Art. 144), then G^, G^ are the feet 
of the perpendiculare let fall from N and A' upon the mean 
radius OC. Let F be the point of intersection of AB and OC, 
and H the foot of the pei-pendicular let fall from F upon OA. 
Then the areas of the sector and triangle are respectively 
equal to CM. OA, and FH . OA, that is to say, they are pro- 
portional to the lengths CM &a.<i FH; therefore, if through (?j 
and G^iyio parallel segments Gj/and G^ ^ are drawn in the 
same sense, equal or proportional to FH, and CM respectively, 
KI and OC will intersect in G, the required centroid. In 
fact from tlie similar triangles GG^I, GG^K we have 
G^G:G^G= 6^1: G,JL = FH: CM*. 
146. If the perimeter of the figure, whose centroid we are 
iinding, consists of rectilinear segments and circular ares, we 
decompose the figure by drawing the chords of these arcs 
or radii to their extremities ; then we know how to find the 
centroid and area of each part, and are able to apply the 
process of Art. 142. 

Example. Let us find the centroid of the figure already 
dealt with in Art. 107 (Fig. 124). For this purpose we first 
consider it to be broken up into three parts, the lune, the 
crown-piece, and the sum of the rectilinear parts ; then, 
regarding the lune as the algebraic sum of two sectors and 
one quadrilateral, the crown-piece as the algebraic sum of 
two sectors, and having divided the rectilinear parts by means 
of the sti^aight line KCGK', we finally have the given figure 
equal to the sum of the following parts : 

1 Sector VAEA% 

2 Quadrilateral OAUA', 

3 Sector AOA'F, 

4 Sector 0£'£, 

5 Sector OCC, 

" CUIMANN, ihld. 
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6 Trapeziums BCKH+E'K'C'B', 

7 Trapeziums CJJK-\-K'I'J'C. 




W(! know how to determine the areas of aJl tlieae; and by 
reducing them to a common base we are also able to construct 
their centroids. In order to find the centroid of the sum of 
BGKH and H'K'C'K, it is sufficient {Art. 138), to find the 
centroid of the ti'ape2anm BCKH, and then to draw through 
it a parallel to KC until it intersects the axis of symmetry 
EO; the point of intersection is the centroid required. 
Now to apply the process of Art. 142, we draw, in a direction 
different to EO, aay in that of KCCK', a straight line zz, on 
which we set ofi" in succession the segments 1, 2, 3, 4, 5, 6, 7 
respectively proportional to the areas of the seven partial 
figures, noticing that the segments 3 and 5 must be set off in 
the opposite direction to the others, because they represent 
negative area*. Through any point whatever V lying outside 
zz, draw rays to the limiting points 'of the above segments ; 
then draw lines parallel to zz through the centroids of the 
partial figures, and construct a polygon whose vertices lie on 
these parallels, and whose successive sides are parallel respec- 
tively to the rays emanating from V. Now draw through the 
point of intersection of the first and last sides of this polygon a 
parallel to zz; this line cuts the axis OU in the required 
centroid of the given figure. This point G falls in our figure 
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vary near to the point 2, the centroid of the quadrilateral 
OAUA'. If we produce the sides of the polygon Bufficiently, in 
order to find the point in which the first side cuts the foul-th, 
and also that in which the fovtrth and sixth intersect, and if 
through these points we draw parallels to ez till they intersect 
the axis of symmetry, these latter points of intersection will 
be the centroids of the lune and the crown-piece. 
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RECTIFICATION OF CIRCULAR ARCS. 

147. In order to clevelope a circular arc AB along its 
tangent (Fig. 125) we may proceed in the following way. 
On BA produced mark off a part 
AO = \ BA, and with C as centre and 
CB as radius, describe an ai'c cutting 
the tangent AI> in B. Then AD is the 
length of the given are, with a negative 
error, whose ratio to the whole arc is 

~1080 "54432"" 
S boina; the ratio of the are to the *^ 

radius *. 

Otherwise (Fig. 126) : let-D he the middle point of the ai-c 
AB, and E the middle point of the are AB ; let the radiua 
OE intersect the tangent at A in 
C, and join CB ; then AC+CB 
is the length of the given arc with 
a positive error, whose ratio to 
the whole arc is 




fl* 



fls 



Fig, I 



4320 3484648 ' 
Since 4320=4x1080, if we 
add to 4 of the length found by 
the second construction \ of that found by the first, the sum 
obtained will be veiy approximately equal to the length 
of the arc, with a positive error, whose ratio to the whole 
length of the arc is 

.4- 

* Eattkihk, Oh the approximAie Aratnittg of circular arcs of given Uiii/I.h 
[Philosophical Magazine, Octoljef, 1867), p. 286, 

■^ Rahmkb, On tie approximate rectijlo/itioii of circular ares (Philoso- 
phical Magazine, November, 1867), p. 381. 



' 87'0912 ' 
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For the proof of these rulea we refer the reader to the 
original memoirs of Professor Ranldne, cited in the foot- 
notes. 

148. In regard to this question, it wiJl be convenient to 
mention at this point some methods suggested by Professor 
A, Sayno, of Milan, 

The method given by Culmann for developing a circular 
arc AB along the tangent at one of its points is much too long. 
The length of a circular are may be found graphically in 
a much simpler fashion, by having recourse to auxiliaiy 
curves, which drawn once for all can be employed in every 
example. 

Consider a convolution OMRS of the Spiral of Arehimedes, 
which when referred to its polar axis OX and its pole 0, has 




the equation/) = »&)*, and the circle drawn with centre and 
radius OA' = a. Let OM be any radius vector of the spiral, 
which cuts the circle in M' ; then the ai-c A'M'= OM. If now 
we wish to find the length of an arc A"M" of any radius what- 
ever OA", it is sufficient to place the spiral (supposed moved 
from its previous position) so that its polar axis coincides with 
the radius OA" of the given arc, to mark on OA" the point A', 
and on the other radius OM" the point M in which it cuts 
the curve. Now take the spiral away and draw through A" 
a pswaliel to A'M, catting OM" in M"', then OM"' is the 
required length of the are. We can construct this spiral 
upon a thin plate of brass, horn, or ivory; it is sufficient 
* p is the radius vector OM, and a tHe oorrespoEding Tectorial angle A'OM. 
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to mark upon it the pole and the point A'. This would be a 
new instrument, which might be added as a ' Graphometer ' to 
the case of drawing implements of an Engineer. 

The Spiral of Archimedes p = a<o {Fig. 138) enables us also 
to develope the arc along the tangent. Having drawn the 




cii'cle whose radius OA = a, and the circle whose diameter OC 
= OA, if £, H are the points in which these circles are 
cut hy any radius vector OM, then 0M= the ai-c AB = 
arc OS. Therefore, if we wish to set off the arc OT along 
the tangent OX, we need only place the spiral in such a 
manner that the pole and the polar axis coincide respectively 
with the point of contact and the tangent OX of the given 
arc, and then mai-k the points //, M in which the chord OV 
cuts the circle on OC as diameter, and the spiral. We then take 
away the spiral, and maj-k off on OX the segment OM' = OM; 
draw through V a parallel VV to HM', and Of" is the 
required length of the arc. 

In order to increase the stiffness of the plate which 
forms the instrument, it is best to use the cii'cle of radius 
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OC = OC, and then, euppoaing the chord VO to be produced, 
we obtain OH' = HO. 

Another curve, which serves the same purpose, is the A^per- 
hoUe spiral, whose equation, in polar coordinates is a = pta. 
Draw (Fig. 129) a convolution of this curve NMBCBA, and 




OM" ^ 



mark off a point A' on the polar axis, such that OA' = a. Then 
the length of the circular arc MM', of radius OM, is OA' ; hence 
the length of any circular arc whatever M" M", drawn with its 
centre at 0, is 0£', where ^' is got by drawing M" j^' parallel 
to M^. This curve however is of no use in determining the 
lengths of small arcs, so that for practical purposes the first 
curve is to be preferred. 

Tiie hyperbolic spiral enables us also to divide angles in a 

very elegant manner. Thus, to find the arc M'N'=- M'M 
(Fig. 129), we need only produce the radius vector OM, take 
■ OM, and draw an arc of radius OM" to cut the spiral 
in N; the radius OiVmeets 
the are M'M'va. the required 
point N'. 

In order to set off the 
arc along the tangent we 
can also employ another 
auxiliary curve, namely the 
involute of the circle. Take 
(Fig. 130) a circle of radius 
OA', and let A'M'B'CH' 
be its involute. From the 
figure we have at onee 
the arc MA'=MM', where 




Fig. 130. 



3 the tangent of the eh-clc at M. If now it is required 
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to set off the arc 31" 31'" (whose centre is 0), along its 
tangent from M", we need only draw OM', which if siiffieiently 
produced cuts the tangent in question in M'", and M" M'" 
is the required length of the are. 

148. By far the simplest method of rectifying the eemi- 
circnmferenee is that of a Polish Jesuit, Kochansky, which was 
published in the Acta Eruditorum Lipsife, year 1685, page 
3D7, according to Dr. Bottchcr*. Let be the centre and 




AS a diameter of the circle of radius = 1 , the angle COA = 30°. 
Then if we take CB = three times the radius, we have 

i.e. SD=: 3-14153, 

a value of the semi-circumference true to four places of decimals. 

By means of this method, the rectification of an arc greater 

than 90° can be reduced to the rectification of its supplementary 



* [In the XVI vol. (Lelpdo, ]8f 
iiatiirl. tJnteiTicht.] 



) of Iloffmaiin's Zeitschrjft fiir math. Trad 
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AUTHOE'S PEErACE 

TO THE ENGLISH EDITION. 



At a time when it was the general opinion that problems 
in engineering could be solved ty mathematical analysis only, 
Culmann's genius suddenly created Graphical Statics, and 
revealed how many applications graphical methods and the 
theories of modern (projective) geometry possessed. 

No section of Graphical Statics is more brilliant or shows 
more effectually the services that geometry is able to render 
to mechanics, than the one dealing with reciprocal figures and 
framed structures with constant load. 

It is to this circumstance that I owe the favourable 
reception my little work [Le ftQure reciproche iiella staiica 
gmfica, Milano, 1872) met with everywhere; and not the 
least from Culmann himself. It has already had the honour 
of being translated into German and French. Having been 
requested to allow an English version of it, to be published 
by the Delegates of the Clarendon Press, I consented with 
pleasure to Professor Beare undertaking the translation. 

I have profited by this occasion to introduce some improve- 
ments, which I hope will commend themselves to students of 
the subject. 

L. CREMONA. 

IkwE, October, 1S88. 
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CHAPTER I. 

POIB AND POLAE PLANE. 

1, That dual and reciprocal correspondence between figures 
in space, discovered by Mobius*,in whicb, to any plane what- 
soever, corresponds a pole situated in the same plane, and all 
planes passing through any one point have their poles on the 
polar plane of that point is called a N-uU-s^dem by German 
mathematiciar^. 

Such a correspondence is obtained in the following manner. 
Let there be a plane 6, and four points in it A,B, C,D,no three 
of which are in one straight line ; and let there he three 
other plauea a, ^, •/ passing through AD,BD,-CI).^ respectively. 
These will be the fixed elements in the construction. 

Draw any plane whatever o- cutting the straight lines ;3y, 
ya, «;3an P, Q,R respectively, then the planes PBC, QCA, 
RAB will all intersect in the same point 8 of the plane it, 

demonstration. Let X, Y, Z, X^, Y-^, Z^ be the points in 
which the straight line uh intersects the sides BC, CA, AB, 
AD, BD, CD of the complete quadrilateral ABCB; these 
points form three pairs of conjugate points of an involution f, 
by Desargu^^ Theorem. Since the planes 8, <t, a, meet in 
Xi the straight line QB common to the planes a, a passes 
through that point; similarly JiP passes through Jj, and 
FQ through Z^ . Of the six points in involution, taken now 
in the plane a-, three, X^, Y^, Z^, belong to the sides QE, BP, 
PQ of a triangle PQB; therefore J the straight lines XP, 
YQ, ZE meet in one point 8, which with PQ,E forms a com- 
plete quadrilateral. 

* MijBins, Ueher dne lesondere Art dualer VerMUmsse isanechm Fig^iren in 
Samae, in vol. i. of Crelle's Journal, Berlin, 1833, or in vol. i. p. 489, Gtesam- 
melte Wer/ce, leipaig, 1883. 

In reftlity this ayatem of recipcooal figures ia space had been already discovered 
by GlOBGlBl (1827), (Memorie della Society Italian^ delle Scienze Modena, vol.sx). 

t Cbbmoka, PrctfecUve Geometry (Oxford, 1885), Art. 131. 

J Cebmona, Frqjeetive &eomelry (Osford, IS85), Ait. 135. 

*) a,L A ,i};f',-'fi/">^'^*-^ •> "-^ r^y '''^'^' *'' 
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Therefore the planes BCPX, CAQY, ABRZ meet in a point 
S of the plane PQ^. 

This theorem may be expressed as follows. 

If the faces of a tetrahedron ABCS pass respectively through 
the vertices of another tetrahedron PQ,S,1), and if three faces 
of the latter pass through three vertices of the former, then 
the fourth face of the second tetrahedron will pass through 
the fourth vertex of the first {Theorem of Mobius*). 

2. Starting from the fixed elements A, B, G, a, j3, y, let any 
plane o- whatever be given, and let it be required to determine 
by means of this theorem the point S lying in it. 

The plane o- meets the straight lines ^y, ya, a^ in throe 
pomts P, Q, R, and the three planes PBG, QCA, BAB inter- 
sect in the required point S. 

Conversely, given any point S whatever, to determine the 
corresponding plane a-, which passes through "S". 

The planes SBC, SCA, SAB intersect fiy, ya, a/3 in three 
points P, Q,, R, the plane of these points is the required 
plaoie. 

The point 8 is called thej^ofo of the plane <t, and the latter 
is termed ^'b polar plane of iS". 

3. If the plane o- change its position, the points Q,R in it 
remaining fixed, the planes QCA, RAB wiU remain fixed, and 
therefore the point S will move on the straight line (which 
passes through A) common to these two planes. When 
the point P falls on J), that is, when rr coincides with 
QRIJ (i.e. q), the plane PBC coincides with ABCD, and 8 
falls on A. Then A is the pole of the plane a, and similarly 
B and C are the poles of ^, y. 

If the arbitrary plane a passes through BC, the traces of the 
planes Q,CA, RAB on it, will bo the straight lines Q,C, liB 
which are the traces of the planes y, /3 ; therefore the pole 
falls in the straight line ^y, i.e. on P. The points P, Q, B 
are consequently the poles of the planes PBC, QCA, RAB. 

If the arbitrary plane coincides with ABC, the point P falls 
on B, i.e. i> is the pole of the plane ABC. 

* MoBius, Kann von zmei drdseitigen P^ramidea eine jede i» Bezag auf die 
andere nra imd eiti-gesi;hreihen tagleiek heiseai'! vol. iii. of Crelle'a Joiiiiial 
(.Berlin, 1838), or Gesawmelie Wer&e, vol. i. p. 439. 
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4. The pole 5 of the arbitrary plane <r (or conversely the polar 
plane <r of the arbitrary point S) has been determined starting 
from the system, supposed given, of three planes a^ ^, y 
(having no straight line in common) and their poles A,B,C. 
But in the tetrahedron ABCS the relations between the vertices 
(or the faces) are perfectly reciprocal, that is, are interchange- 
able ; so that just as S has been deduced from ABCafiy , so A 
may be determined from SBCa^y ; and so on. From this it 
follows that if S^,8^, S^ are the poles of any three arbitrary 
planes o-j, o-^, 0^3 (not passing through the same straight line), 
deduced in the manner above desciibed from the system 
ABCaQy, the pole S of the plane o-, determined from this 
same system, coincides with that which would be determined 
by a similar construction starting from SjS^S^(T^^<j2(y^ as the 
given system. 

5. From the theorem of Mobius it follows that if the plane it 
be drawn through the pole P of a plane tt = FBC, the polo S 
of the plane o- falls in ir; therefore : — 

If a plane passes through the pole of another plane, con- 
versely the latter contains the polo of the former, that is 
to say : — 

If a point lies in the polar plane of a second point, the latter 
lies in the polar plane of the former. 

From this it follows that the poles of all the planes passing 
through a point iS lie in a single plane <t, the polar plane of S; 
and the polars of all the points of a plane <r pass through one 
and the same point 8, the pole of <r. 

6. Let a , (9 be two planes, and A , B theii- poles. Any plane 
whatever through AB will have its pole in a and in fi, that 
is, in the straight line a^ ; conversely, the polar plane of any 
point whatever of q^ will pass through A and B, i.e. through 
the straight line AB. And any plane whatever through the 
straight line a/3, which contains the poles oftho planes through 
AB, will have its pole on the straight line AB ; and conversely, 
any point whatever of AB, being on the polar plane of tho 
points of a)3, wiU be the pole of a plane through a^. 

Two straight lines, such as a^ and AB, each of which is the 
locus of the poles of planes passing through the other, ai'e 
called reciprocal straight lines. 
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Hence it follows that if a straight line r passes through a 
point A, its reciprocal r' lies in «, the polar plane of A ; and 
conversely. 

7. A sfci-aight line v, which Hes in a plane a. and passes 
through A, the pole of a, coincides with its reciprocal, that is 
to say, it is reciprocal to itself. lu fact, if M is any other 
point whatever of r , since M lies in a, the polar plane of A , 
then n, the polar plane of M, paaaes through A. And since f* 
must also pass through M, the polar plane of it or of any 
point whatever of the given straight line, r passes through 
the straight line r. 

From this it follows, that two reciprocal straight lines 
r and r', which are non-coincident, cannot lie in one plane. If 
a plane a passes through both r and >■', the pole A of the plane 
will be on both r and r', and r would lie in a plane and 
contain its pole, therefore r would he reciprocal to itself. 

All straight lines reciprocal to themselves and passing 
through a given point A lie in o, the polar-plane of A. All 
straight lines reciprocal to themselves and lying in a given 
piano a pass through A, the pole of a. 

A system of straight lines reciprocal to themselves is 
called a linear complex!, and the straight lines are called ra^s of 
the complex. 

Each ray of the complex which meets a given straight line 
r (not itself a ray) meets also its reciprocal straight Hne /. 
In fact, if ^ is the point common to the ray and to ?■, the 
plane a, the polar of A, must pass through the ray and 
the straight hne /. 

Conversely, if a straight line i meets two reciprocals r and 
/, the straight line t is necessarily a ray. For, the point tr 
is the pole of a plane which passes through this point, and 
through / ; therefore the plane also passes through t. Hence 
t lies in a plane polar to one of its own points, or Hs a ray. 

From this it follows that all the straight linos (necessarily 
rays) cutting two reciprocal straight lines r and /, and 
another line *, also meet the straight line / reciprocal to s. 
Two pairs r/, as' of reciprocal straight lines are therefore 
situated on the same hypei-boloid, the generators of which are 
all rays of the complex of another eystein. 
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8. All pianos parallel to the same plane may be considered * 
as having in common a line / situated at infinity, therefore 
their poles all lie on a straight line r, the reciprocal of /. 
Changing the bundle of parallel planes, the straight line r re- 
mains parallel to itself, because it passes through a fixed point 
/ lying at infinity, that is, through the pole of the plane i at 
infinity, in which the straight line / is always situated. 

Such lines r, whose reciprocals lie at infinity, are called 
diameters of the complex. 

Planes perpendicular to the common direction of the dia- 
meters are parallel to each other, therefore their poles are on 
a diameter. This diameter a, which is distinguished from the 
other diameters by being perpendicular to the planes whose 
poles it contains, is called the central axis of the complex. 

Straight lines parallel to the central axis are reciprocals 
to straight lines in the plane at infinity t ; and in particular 
the central axis is reciprocal to the line at infinity common to 
all planes perpendicular to the central axis itself. The point 
/, at infinity on the central axis, is the pole of the plane 
at infinity. 

9. If r and / are any two reciprocal straight lines whatever, 
the straight line which passes through their points at infinity 
will be a ray of the complex, and will therefore pass through 
the pole / of the plane at infinity; that is, the points at 
infinity of two reciprocal straight lines and of the central axis 
are all three in one straight line. Hence it appears that 
two reciprocal straight lines and the central axis are parallel 
to the same piano. 

Therefore, planes parallel to the central axis and passing 
through two reciprocal straight lines are parallel to each 
other. 

From this it follows that : 

If two reciprocal straight lines are projected parallel to 
the central axis, on a plane, not containing the direction of 
the central axis, their projections wUl be two parallel straight 
lines. 

We shall suppose that the projection is made on a plane 
perpendicular to the central axis. 

* Cbemosa, Projective Geometry (Osford, 1885), Ai-t. 26. 
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Moreover, it follows that the straight lino meeting twn 
reciprocal straight lines and perpendicular to them cuts the 
central axis orthogonally. 

10. Suppose the central axis horizontal, and let us call that 
plane of projection which intersects tho central axis in its 
own pole tho orthographic plane. 

Take that point as the origin of a system of rectangular 
coordinates x, y, z, and let the axis of z coincide with the 
central axis : then the preceding theorems and laws of re- 
ciprocity will be expressed by the following ecmations. 

The point {«i,^i, ^i) is the pole of the plane 

where h is some constant. 
Conversely the plane 

ax-\-hii-\-ez-\-d = 
cori'esponda to the pole 

kh ha d 

The straight line 

aa; + Sy + e =0 

px -\- qy + rz = 
is reciprocal to the straight hne 

ax^■hJ + c = 

pcii + qy + r'z = 
where re' = /t- = /i;(aq—6p). 

U. Hence; 

(a) To any number of straight lines r in space, the projections qf 
which coincide w a single straight line, straight lines / correspond, 
whoge projections are coincident or parallel, according as the straight 
lines T {necessarily lying in a plane parallel to the cenfy'al axis) are 
parallel or not. 

(S) To any number of straight lines r in space, the projections of 
which are parallel, straight lines r correspond, whose pr(^ections are co- 
incident or parallel, according as tJie straight lines t {necessarily parallel 
to a plane passing through the central axis) are parallel or not. 

12. If the points A, B,C ,D ...va space are considered as 
vertices of a polyhedron, the polar planes a, ^, y, S, ... are 
the faces of a second polyhedron, whose vertices a/3y,... 
are the poles of the faces ABC,... of the first. The two 
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polyhedra are called reciprocal; to the vertices of each corre- 
spond the faces of the other, to the edges the edges. Each 
polyhedron is simultaneously inscribed and cii'cum scribed to 
the other (Art, l). Two corresponding edges are reciprocal 
straight lines (Art. 6). 

Let the two polyhedra be projected on the orthographic 
plane ; the projections will be two figures possessing reciprocal 
properties. To each side of the first figure there will cor- 
respond a parallel side of the other, since two coi-responding 
sides are the projections of two reciprocal edges of the two 
polyhedra. If one of the polyhedra has a solid angle, at 
which wi edges meet, the other wilt have a polygonal face of 
H8 sides ; and therefore, if in one of the orthographic figures 
there are m sides diverging from a point or node, the m 
corresponding sides of the other orthographic figure wiU he 
the sides of a closed polygon. 

In a polyhedron, each edge is common to two faces, and 
joins two vertices ; each face has at least three edges, and 
in each vertex at least three edges meet ; hence in both 
orthographic figures, each side is common to two polygons, 
and joins two nodes, three sides at least meet in every 
node, and each polygon has at least three sides. 

Suppose that one of the polyhedra, and consequently the 
other, belongs to the class of Eulerian polyhedra* ; then the sum 
of the numbers of vertices and faces exceeds by two the number 
of edges, from the well-known theorem of Euler. Hence, if 
the fii'st orthographic figure possesses ;; nodes, p' polygons, and 
t aides, we have „ ^y = s + 2. 

The second figure will have // nodes, p polygons, and * 



13. If one polyhedron has a vertex at infinity, the other 
has a face perpendicular to the orthographic plane, and con- 
versely ; consequently, if one of the orthographic figures has 
a vertex at infinity; the other contains a polygon whose sides 
all lie in the same straight line, and conversely. 

If the point / at infinity on the central axis is a vertex 
common to ii faces of the first polyhedron, then the other 

* ToDHuNTBE, Sp/iei~ical Triganometry, Chapter xiii, Polyhedra. 
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polyhedron baa in the plane at infinity a polygonal face of 
n sides. In this case, the first orthographic figure has j:i— 1 
nodes, p' —n polygons, and s—n sides; and the second (not 
reckoning the straight line at infinity) possesses p — \ polygons, 
p' —n nodes, and s~n sides : where the numbers p , p', s are still 
connected by the relation 

p -\.p' = s + 2. 
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CHAPTER 11 

POLYGON OF FORCES AND rUNIOULAB J'Of.YGON AS 
EBCIPE-OCAL nUTJEES. 

14. Those reciprocal diagrams, whicli are obtained as the 
orthographic projections of two reciprocal polyhedi-a, present 
themselves directly in the study of grapltkal statics. The 
meehaaical property of reciprocal diagrams is expressed in the 
following theorem due to the late Professor Clerk Maxwell* ; 

^ If forces rep-egented in magnitude fij/ the lines of a figure be 
made to act letween tJte extremities of the corresponding lines cf the 
reciprocal figure^ then the points of the reciprocal figure will all be in 
equilihri'uvi under the action of these forces.' 

The truth of the theorem is at once apparent, if we observe 
that the forces applied at any node whatever of the second 
diagi'am are paraUel and proportional to the sides of the corre- 
sponding closed polygon of the first diagram. 

The theorem is particularly usefvd, in the graphical deter- 
mination of the sti'esses, which are developed in frame-work 
structures. 

15, The lirst germs of the theory are mot with in the 
properties of the polygon of forces, whose sides represent in 
magnitude and direction a system of forces in equilibrium 
applied at any point ; and also in the well-known geometrical 
constructions which enable ua to determine the tensions of the 
sides of a plane funicular polygon f . But the tirst to apply 
the theory to frame-work structures was the late Professor 
Macquorn Eankine, who, in Art. 150 of his excellent work 
Manual of Applied Mechanics (1857), proved the following 
theorem : 

' ij^ lines radiating from a point be drawn parallel to the lines of 
resistance of the Ian of a polygonal frame, then the sides of any 

* Philoaophical Magasana, April 186i, p. 258. 

+ Vabignoh, Nouvelle M^aaique oa Statiqne, doitt le projet fat donns en 
1687 : Paris, 1725. 

K a 
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2iolygon, whobe anjie'i la tii these raiUafing lines will lepiesent a 
system offorceg, vhck hang applied to the joints of the frame, 
will balance each other , each snihfoite being applied to the joint 
Ijetween the bars whose lines of renstance are parallel to the pair of 
lafliatmg I nes that enclose the side of the polygon offorcei, repi-e- 
senttng the force m question Also, the lengths of the ladiating lines 
■will repiesent the stresses along the bats to whose lines of tesistanee 
they are respectively parallel* ' 

Kankine afterwards published an analogous theorem foi' a 
sj'stem of polyhedral frames f- 

16. The geometricaltheoiy of reeiproeal diagrama is specially 
due .to the late Professor Clerk Maxwell, who fii-st in 1 864 %, 
and again in I870§, defined them generally, and obtained 
them from the projections of two reciprocal poljhedra. 

But his polyhedra are reeijjroeal in. respect to a certain paraboloid 
of revolution, in the sense of the theory of reciprocal polar figures 
of Poncelet || ; so that, projecting orthogonally and parallel to 
the axis, the corresponding sides of their projections are not 
parallel, but perpendicular to one another. Hence we must 
rotate on.e of the diagrams through 90" in its own plane, in 
order that it may assume that position which it ought to take 
in statical problems. 

On the contrary, by the more general process, explained in 
this treatise, the orthographic projections of two reciprocal 
polyhedra give precisely those diagrams which occur in 
graphical statics. 

17. The practical application of the method of reciprocal 
figures was made the subject of a memoir by the late Professor 
Fleeming Jenkin, communieated in March 1869 to the Royal 
Society of Edinburgh If, In that memoir, after quoting 

* Page 142 of the aiitli edition (1872), 

t Philosophical Magazine, Feb. 1864, p. 92. 

X Oa rseiprocal jig area and diagrams of forces (PLJIosophical Magaaiae, April 
1S64, p. 250). 

§ On reciprocal jignres, fratnes and diagrams offerees (Transftotiona of the 
Eojfll Society of Edinburgb, vol. xivl. p. 1). See also a letter of Profeeaor 
Itankjne in. the ' Engineer,' Feb. 1872. 

II Or, rather, that of Mohgk. (See Cha8T.E3, Aperqii kistoriqite, p. 378.) 

T[ On the pi-actical application of reciprocal figures to the ealcutation of 
strains on frixmeuiorTc (TransaBtiona of the Royal Society of Ediiibnrgh, yol. Jiv. 
p. 441). See also, ijy the aame author : Ou hraceH arches amd saspeasio-a bridges, 
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the definition of reciprocal figures, and their statical pro- 
perty, as enunciated by Maxwell in his memoir of 1864, he 
adds : 

'Few engineers would, hower,er, sttspeoi that the two paragraphs 
quoted pttt at their disposal a remarhabl^ simple and accurate method 
of calculating the stresses in framework ; and the author's attention 
wag drawn to the method chiefly iy ike circumstance that it wa» 
independently discovered by a practical draughtsman, Mr, Taylor, 
loorking in the Office of the well-hnown combractor Mr. J. B. Cochrane' 

He also presents several examples, accompanied by figures, 
and finishes with this observation : 

' When compared with algebraic methods, tJie simplicity and 
rapidity of execution of the graphical method is very strihing j and 
algebraic methods applied to frames, such as the Wa/rren girders, in 
which there are numerous similar pieces are found to result tit 
freqnent clerical errors owing to the cumhous notation tchich is 
necessary, and especially owmg to the ii cefiaij diifina/ on beti '•en 
odd and even diagonals 

18. But, whUat speaking of the geonictiical solution of 
problems relating to the science of construction, it is impos- 
sible to pass over in silence the name of Professor Culmann, 
the ingenious and esteemed creator of gi'aphical statics*, for 
to him are due the elegant methods of that science, which, 
issuing from the Polytechnic School at Zurich, are now taught 
in technical schools throughout the world. 

Numerous questions of theoretical statics, as well as many 
others which relate more particularly to certain branches of 
practical science, are solved by Professor Culmann by a simple 

rea^ iietoretlieEojal Scottish Society ot Arte (Edinbni^li, 1870) ; and the meinoir 
0« the applicntioa of graphio methods to the determination- of the efficiencies of 
maehiaer^ (TrRiiBaetioiis of the Royal Society of Edinhui^h, vol. xsviii. p. 1, 
1877). 

* IHe graphische StatiH, ZniKti, 1838. In 1875 appeared the second edition of 
Tol. i, wiiji rich additions. The reader is adyised to read the Preface to that second 
German edition, also Noa. 81 and 83. Graphical Statics have been treated since 
in a whole series of elementary works. See UifWlK, Wroiight Iron Brid{ifS 
and Roofs, London, 1869 ; Bo-w, Eoottoraies of comtmoUon in relaiioit to framed 
atrnctuT&s, London, 187S ; Ciabkb, QrapMa Statics, London, 1880 ; Eddt, Hfeio 
eonetructiom in Gh-aphical Statics, in Van Nostrand's Engineering Magaaine, New 
Yorh, 1877-8, and American Jonmal of MathematicB, vol. i., Baltimore, 1878, 
&o., &c. 
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and umform metliod, which redueea itpself in substance to the 
construction of two figures, which he calls Kraftepolygon, and 
Seilpolygon. And although he has not conaidered these figures 
as i-eeiprocal, in Maxwell's sense, still they are so sub- 
stantially ; in particular the geometrical constructions which 
Culmann gives in Chapter V of his work, devoted to systems 
of framework {Das Fachwer^), almost always coincide with 
those derived from Maxwell's own methods. 

Moreover Culmann'a constructions include certain cases, 
(which are not treated by the English geometer,) in which it is 
impossible to construct the reciprocal diagrams. 

19. First of all, I wish to show that the Kiafte/wlygon and 
the Seilpolygon (polygon of forces and funicular polygon) of 
Culmann can be reduced to reciprocal diagrams. 

Let there be given in a plane (which suppose always 
to be the orthographic plane) n forces F^, ^, ..., P„ in 
equilibrium, then by iki& polygon of forces we understand a 
polygon, whose sides 1, 2, .,,,« are equipoUent* to the sti'aight 
lines which represent the forces f. 

Take in the same plane a point 0, which will be called the 
pole of the polygon of forces, and join the vertices of the 
above polygon to that pole ; denote by [rs) the ray connecting 
with the vertex common to the two sides r and s . The 
funicular polygon corresponding to the pole is a polygon, 
whose vertices lie in the lines of action (which we shall 
call 1,2, ..., n) of the forces P^, ^,P^, .,.,F„, and whose 
sides are respectively parallel to the rays proceeding from 
0%; in auch a manner that the side comprised between 
the Uaes of action of P^ and ij, is parallel to the ray 0{rs), 
this side will be denoted by the symbol (rs). 

The funicular polygon will be a closed one, like the 
polygon of forces. 

20. K the lines of action of the given forces meet in the 
same point (Fig. la), we have two reciprocal diagrams, since 
evidently the two poJygons will be the orthographic pro- 

* Sqaipolleni, tliftt is, equal in magnitude, direction and sense, a term duu to 
ProfasBor BellayitiB. 

t TliB position of the first aide of that polygon is a mattei' of choice. 
J The direction only of the first side of thnt polygon ■ 
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jeetioDS of two pyramids, having each a polyhedral angle 
of 11 faces. 

If the forces are parallel, the polygon of forces is reduced to a 
straight line, which corresponds to the case where the base of 




the first pyramid is perpendicular to the orthographic plane, 
and the vertex of the second is at infinity, that is to say, the 
second polyhedron is a prism having only one hase at a finite 
distance. This case is illustrated in Figure 2 a, in which the 




sides of the polygon of forces are not designated by one 
number only, but by two numbers, placed at the ends of 
each segment; so that the segments 01, 12, 23, 34,..., cor- 
respond to the straight lines 1,2,3,4 of the second diagram. 
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Here, ae in all which follows, wc adopt in the text two 
series of nurabera, 1 ,2,3, r ...,s ...; l, 2, 3, r,s, to distinguish 
the lines of the one diagram from the corresponding lines 
of the other. 

21. Let ua consider now the general ease, in which the forces 
do not all meet in the same point. 

Take a second pole 0'; join it by straight lines to the 
vertices of the polygon of forces, and construct a second 




funicular polygon corresponding to the new pole 0', that 
is to say, a polygon with its aides parallel to the rays 
proceeding from 0', and ite vertices situated in the lines of 
action of the forces. See Figs. 3 and 5, in which the rays 
proceeding fi-om the second pole 0', and the corresponding 
sides of the funicular polygon, are denoted by dotted lines. 
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By operating in this way, it is plain that the two diagrams, 
the one formed by the polygon of forces and the rays iaauing 
from the poles and 0', and the other formed by the 
two funicular polygons and the lines of action of the forces, 
are two reciprocal figures. The first is the projection of a 
polyhedron*, formed by two solid angles of n faces, whose 
corresponding faces form by their respective intersections 
a twisted polygon f of n sides ; the second is the projection 
of a polyhedron comprised within two plane polygons of 
n sides, in such a way that the sides of the one meet 
the corresponding sides of the other. The straight line, in 
space, which joins the vertices of the two solid angles of 
n faces of the first polyhedron is conjugate to the straight 
line, which the two planes of the bases of the second 
polyhedron have in common. As a result of this, and 
of the property that two conjugate straight lines are or- 
thographically projected into two parallel straight lines, 
it follows, that any two coii-esponding sides whatever (rs), 
(ra)' of the two funicular polygons, intersect in a fixed 
straight line, parallel to that wiiich joins the two poles 
and 0'. 

This theorem is fundamental in Culmann's methods. 

22. If we make the two poles and 0' coincide, the corre- 
sponding sides of the two funicular polygons are parallel 
{Fig. 4a). In this case the straight line which joins the 
vertices of the solid angles of the first polyhedron is per- 
pendicular to the orthographic plane, whilst the bases of 
the second polyhedron are parallel. 

23. The diagonal which joins the vertices of two tetra- 
hedral angles of the iirst polyhedron (Art. 21), or what is the 
same thing, the diagonal between two vertices of the twisted 
polygon, is conjugate to the line of intersection of the corre- 
sponding quadrilateral faces of the second polyhedron, which 

* This polyhedron Jias 3 n edges, 2 n triangular faces, 2 polyhedral angles 
of » faces, and » of 4 f.^ces ; the other polyliedrou iias 3 n edges, 2 n trihedral 
angles, 2 bases whiuh are polygons of n sides, and n quadrilateral faces. 

t If this polygon degenerates into a continuous ciirre, the polygon of forces, 
and the funicular polygon become respectively the curve of foreea, and the 
funicular curve (catenary) of a plane continuous system of forces. 
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line uaites the point common to two sidea of the one of the 
bases to the point common to the corresponcliiig two sides 
of the other base. In an orthographic projection, the first 
sti'aight line is a diagonal joining the two vertices (r, r+ 1), 
(*,*+!) of the polygon of forces, that is to say, a straight 
line equipollent to the resultant of tlie forces P^^i,P,^^.,., P, ; 
the second straight line is the line of action of the same 
resultant. Henee the line of action of the resultant of any 




number whatever of consecutive forces i?-+i, P,.+^,..., P, 
passes tkfough the point common to the sides (r, r + 1) (s , s + 1) 
of the funicular polygon; another fundamental theorem of 
graphical statics. {See, for example, Fig. 3 a, the resultant of 
the forces 6, 1, 2.) 



24. If the diagonal in questi 
perpendicular to the orthographi 
line is at infinity. Two verti 



of the first polyhedron is 
.c plane, the conjugate straight 
of the polygon of forces 



{f, r + l), {s, s + l) will then coincide in one point // {see 
Fig. 5a, where r = l,s = i), and the sides (r, r + l), (s, s + l) 
of each of the funicular polygons are parallel. 

The magnitude of the resultant of the forces ij^, , ij.^.^, . .. , i^ 
will bo infinitely small, and its line of action the sti'aight 
line at infinity of the orthographic plane ; it is consequently 
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an infinitely small force, acting at infinity, equivalent to a 
couple acting in the aforesaid parallel sides of the funicular 
polygon, and represented in magnitude by the straight line 
which joins the corresponding pole to the point A. Since 
these two forces are equivalent to the system of forces ij+i, 
^i+i: ■■■! -'^i the one whicli acts along the side (r, r + l) is 




directed from A towards ; and the one which acts along the 
side (s, s + l) is directed from towards A. 

25. Given the forces ij, ±-^, i^,..., P„-i {Art. 19), the 
two polygons (that is the force and funicular polygons) Berve 
to determine the force P„ , equal and opposite to the resultant 
of the given forces (see Fig. 3, in which m = 6), In fact, if we 
construct a crooked line 1, 2, 3, .,., (m~1), whose sides are 
equipollent to the given forces ; it is clear that the straight 
line H which joins the extremities of the crooked line (when 
its direction is from the final to the initial point) is equipollent 
to ij, . Next take a pole 0, and construct a funicular polygon, 
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whoae first n~l vertices 1, 2, 3, ,.., {n — i), lie in the lines 
of action of the given forces ij, i^,-^, ..., -^,-1; and whose 
sides (n,l){l,2)(2, 3) ... (n— l,n) are respectively parallel to 
the rays connecting with the similarly named vertices of 
the first polygon. Then the straight line drawn through the 
last vertex n of the funicular polygon, (that is to say through 
tho point whore the fii^st side (n.l) meets the last (n — l, n),) 
parallel to the last side n of tho polygon of forces, is the lino 
of action of -^. 

If the first side of the funicular polygon passes through a 
fixed point, and the pole mo'^es m a stiaight hne, then all 
the sides pass through fixed points situated on a sti'aight line 
parallel to the one described hy the pole (Art- 21), This 
is contained in the celebrated poiism of Pappus 

' Si quoteuTagne rectae lineae sett, muivo recent, nonplures quam 
diiae per idem punakim, omnia antem m tma tpsanim data sint, ei 
Teliquorum mulUtudinem haheniitim tnangnlum numerum, hv^m latus 
singula hahet puncta tangentia 1 eetam Imeam positume daiam, quorum 
irium non ad angulum ewistens ti tangnh spatii unumqteodque reU- 
quiitn ptmetuw. redam, Uneam ponitone datam fanget* 

26. If we consider the point to be capable of occupying 
any position whatever in the plane, the properties of the two 
polygons (that is the polygon of forces and the funicular 
polygon) may be compendiously stated in the following geo- 
metrical enunciation: 

Let a plane polygon be given of n sides 1 , 2 , 3 , . , . , (?i — 1 ) , 
n; and, in the same plane, n~l straight lines 1, 2, 3,.,., 
(n — l), respectively parallel to the first «— 1 sides of the poly- 
gon. Join the point (i. e. a pole, moveable in any manner 
whatever in the plane) to the vertices of the given polygon. 
Imagine further a variable polygon of n sides, the first n~ 1 
vertices of which I, 2, 3, ..., (n — 1), lie in the coiTesponding 
similarly named straight lines, whilst its n sides (n.l), (1.2), 
(2.3) ...,(n— 1, n) are parallel to the rays which join the simi- 
larly named vertices of the given polygon to the pole 0. 
Then the intersection of any two sides whatever (r, r + l), 

* [Mathauaticae ColUciiones, preface to Book VII. p. 183, of the edition of 
CouuAHBlNO (Venice, 1689). See also the translation or parapliriiae of the porism, 
giYon by PoBOELET in No. 498 of his TraiU des projiriiUs projectives (Paris, 

isaa)]. 
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(s.s + l), of the variable polygon Ilea on a determinate straight 
line, parallel to the diagonal which joins the vertices (»•.«■+ 1), 
(*,« + !) of the given polygon. 

This theorem, which is not very readily proved by means 
of the resources of Plane Geomttry alone, is on the contrary 
self-evident, if we consider the two plane figures as ortho- 
gi-aphic projections of two reciprocal polyhedra, 

27. The polygon of forces is the projection of a plane poly- 
gon, or twisted polygon, according as the directions of the 
forces P do or do not meet in the same point. As we have 
seen in Art. 20, one of the two reciprocal diagrams in the first 
case is formed by the polygon of forces and the pole 0, the 
other, by the lines of action of the forces, and the funicular 
polygon cori'esponding to tlie pole 0. In the second ease, 
on the contrary, ajiother pole 0' must be added to the first 
diagram, and to the second a funicular polygon coiTcsponding 
to this pole 0' \ we have further seen from Art, 32 that the 
two poles may be made to coincide, and that then the first 
diagram becomes as simple as possible. But, if we wish on 
the other hand to simplify the second, it is best to remove the 
pole 0' to infinity in an arbitrary direction ; and then the 
polyhedron, of which the first diagram is the orthographic 
projection, has the vertex of one of its polyhedral angles at 
infinity ; and since the polar plane of a point at infinity is 
parallel to the central axis, the new funicular polygon cor- 
responding to 0' has all its sides on the same straight line 
(whose point at infinity is 0'). The absolute position of this 
straight line in the orthographic plane is still arbiti'ary, and 
therefore it may be removed to infinity. 

Very simple results are also obtained by the following 
method : 

Suppose that the previously mentioned polyhedral angle of 
the first solid coincides with the infinite point of the central 
axis ; in the first diagram the pole alone appears, since the 
edges corresponding to the other polyhedral angle are pro- 
jected orthographicaliy into the vertices of the polygon of 
forces. The polar plane of the veiiex 0' is now at infinity ; 
hence the whole of the second funicular polygon is at an infi- 
nite distance (see Art. 13). 

28. We conclude from these very simple eases, that it is 
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possible to consider the polygon of forces, and the funicular 
polygon, of a system of foi-ces in equilibrium, situated in a 
plane (the orthofp-apJdc plane), but not meeting in the same 
point, as reciprocal diagrams. The one diagram is formed by 
the polygon of forces and the rays joining its vertices to a 
pole 0, and the other by the lines of action of the forces, 
the funicular polygon relative to the pole 0, and the straight 
line at infinity ; the first diagram is simply the projection 
of a polyhedi^on, whose faces are obtained by projecting the 
ffl sides of a twisted polygon perpendicularly to the orthogra- 
phic plane, from a point in space at infinity. The reciprocal 
polyhedron, which has for its projection the second diagTam, 
is the infinite portion of space, limited by a plane polygon 
and the n planes passing through the sides of that polygon 
and prolonged eveiywhere to the plane at infinity. 
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CHAPTER III. 

APPLICATION OF KECIPKOCAL DTAGEAMS 10 I'UAMEWORK. 

26- Let us paas on now to the study of the more com- 
plicated diagramSj wbieh present themselves in the theory of 
frames*. Consider two polyhedral reciprocal surfaces S and 
2', which possess an ' edge,' are simply connected f, and whose 
edges ai'6 two closed twisted polygons X> let FT he the poly- 
hedron enclosed hy the surface 2, and the pyi'amidal sur- 
face whose vertex is a point fl , taken arbitrarily in space, and 
whose base-line is the polygonal edge of S ; let n' be the 
polyhedron reciprocal to Ft, i. e. the polyhedi'on enclosed by 
the surface 2', the polar plane &> of ii, and the planes of the 
angles of the polygonal edge of 2'. Project orthographically 
the two polyhedra, and we obtain two reciprocal diagrams, 
which we wiU now proceed to study. 

Suppose that the polygonal edge of 2 has n sides, and that 
the surface has besides these m ordinary edges § , and j> faces. 
The polyhedron 11 will have n+p faces, and 2« + «» edges, 
and therefore m + 7i-~p + 2 vertices. Hence 2 has, besides 
those on its polygonal edge, m~p+ 1 vertices [|. 

* A Frame >B a structure oompoaed of bars or rods attaolied together by 
joints, whhar nd dm lyas binges or pivots. Let AB be any one 
bar (wh w btisnltd f nch a frams ; and assume tbat no force 
acts upon t pt at th ] t i B. Then the whole of the forces (some 

external, mi a n t q i j from the bar or the bars which meet it at 

the joint A) aot [,nttthj t A can be reduced to a siiigle r^ultiuit ; so 
may thos t tl ] nt £ and th e resultants being necessarily equal and 
opposite, m t act al g th ba AS. Hence the bar is in a simple state of 
tetisioit, h n th res Itanta aot twards ; or of compresdon, or ihraat, when 
they act nwa d A bar is ail d a He when in tension ,- a ^i-ut when in com- 
preesion (Cb vt h L t n Applied Meehaitics, at the Royal Military 

Academy, London, 1877). 

-|* A surface with an edge is mn^ly coreraeofeii, if its edge is a single closed 
continuous line which does not intersect itself. 

X If the edge of S is a plane polygon of n sides, that of 2' will be a point, 
the vertex of a polyhedral angle of n faces. 

5 We have evidontly m ^ a. 

][ Therefore m can never be less than^ — 1. 
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Eeciprocally, n' has "? + «— yj + 2 faces, n+p vertices, aud 
2n + m edges. 

30. Suppose now that tlie projection of 2' is the skeleton of 
a. ffame with p joints, and m rectilinear bars, and that the 
external forces which are applied to it have foi- their lines of 
action the projections of the sides of the polygonal edge of 2', 
and are represented in magnitude by the n sides of the pro- 
jection of the polygonal edge of 2*. Then the projection of 
the face of n ', which lies in the plane to , will be the funicular 
polygon of the external forces, corresponding to the pole 0, 
the projection of il; and the projections of the ta edges of 
2, not pertaining to its polygonal edge, represent the values 
of the internal forces or stresses to which the corresponding 
bars of the structure are subjected, in consequence of the 
given system of external forces. 

31. If the point il is removed to infinity in a direction per- 
pendicular to the orthographic plane, the plane u will coincide 
with the plane at infinity. Then the first diagram reduces to 
the projection of 2, i. e. to the entire system of the straight 
lines which represent the magnitudes of the external and 
internal forces; and the second diagram, from which the 
funicular polygon has completely disappeared, merely contains 
the skeleton of the structure (i. e. the lines of actions of the 
internal forces), and the lines of action of the extei'nal forces. 
In the figures which accompany the text, the fii'st diagram is 
indicated by the letter b, and the second by the letter a. 

32. If the external forces are ail parallel to one another, as 
very frequently happens in practice, the edge of 2 will be 
a polygon situated entirely within a plane perpendicular to 
the orthographic plane ; and therefore the sides of the polygon 
of external forces will aU fall on one and the same straight 
line. 

33. The diagrams may be formed by other degenerate poly- 
gonal figures arising from analogous degenerations of the 
figures in space. 

Suppose, for example, that wo have in space a solid tetra- 
hedral angle, corresponding to a quadrilateral face in the 

* Tliia is only possible when S has no vertex at infinity ; i.e. wben X' has no 
face perpondiculai to the octlingi'apliic pliine. 
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reciprocal figure; and let two edges (not opposite) of the 
solid angle approach one another indefinitely, in their plane, 
and ultimately coincide. The solid tetrahedral angle will 
be replaced by a system composed of a trihedral angle and a 
plane passing through one of its edges. Consequently the 
quadrilateral face of the reciprocal figure will have two sides 
which, without ceasing to have a common vertex, will be super- 
posed and may have either the same or the contrary direction. 

Passing from the figures in space to their orthographic 
projections, we shall have in one of the diagrams a point from 
which four straight lines diverge, two of which will be super- 
poaed ; and in the other diagram a quadrilateral with three 
collinear vertices*. 

34. Given the skeleton of a framework and the system of 
external forces, it is necessary first of all to construct the 
polygon of these forces, i.e. a polygon whose sides ai'e equi- 
pollent to them. In the figures contained in this work both 
the external forces and the sides of their polygon are denoted 
by the numbers 1 , 2 , 3 , . . . , so disposed that, if we go round 
the contour of the polygon in the increasing order of the 
numbers, each side is passed over in the sense of the force 
which it represents. This way of going round the polygon is 
called the cyclical m-dm- of its contour. 

When we wish to construct the diagram reciprocal to the 
one formed by the bars of the frame and by the lines of 
action of the external forces, the order in which the forces 
are made to follow one another when their polygon is con- 
structed is not arbitrary; this order is determined by the 
following considerations : 

In the polygon of miei-fial forces, wMeh forms pm-t of the diagram 
5, the sides equipollent to two forces will he ail^acent, when the lines 
of action of those forces belong to the contour of the sa-me polygon in 
diagram a, hecause that poh/gon corresportAs to the vertex which is 
common to those two sides. 

Let us then give the index 1 to any one whatever of the 
external forces ; the line of action of the selected force is a 
side common to two polygons of diagram a ; the contoui- of 

* Esaniples of these degenerate formB are to be found at p. 444 and in the first 
two tables of the memoir of Professor Fleeming Jeokin, already cited on p. 132, 
18G9, and in Hg. g of our examplea. 
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eaeh of these contains the line of action of another external 
force ; thus there are two external forces which may be re- 
garded as contiguous to the force 1, and the index 2 may 
be attiibuted to either of them indifferently, and the index 
11 to the other, where n is the number of external forces. 
After this, the order of the other sides of the polygon of 
external forces is completely determined. Suppose that 
the joints, to which the external forces are applied, all lie 
on the contour* of the skeleton of the fi-aniework, then 
the forces must be taken in the order in which we meet 
them in passing round the contour. When we do not follow 
these rules, as well as those previously laid down, we are 
still able to detei-mine the internal forces graphically, but 
we no longer have two reciprocal diagrams, and the figures 
will be very complicated ; since any segment which does not 
lie in its proper place will have to be repeated or removed 
to another place in view of furtherf constructions ; just 
what happens in the old method, which consists in con- 
structing a polygon of forces for each separate joint of 
the framework, 

35. The polygon of external forces being thus constructed, 
we complete the diagram b, \>j constructing successively the 
polygons which correspond to the difierent joints of the 
framework. 

The problem, of constructing a polygon all of whose sides 
have given directions, is soluble when only two of the sides 
are unknown. For this reason we ought to commence at 
a joint through which only three straight lines pass ; the 
Hues of resistance of two bars, and the line of action of an ex- 
ternal force. The segment equipollent to the external force will 
be a side of the triangle corresponding to the joint in question, 
and consequently we are able to construct the triangle. 

* The contour of oertMn etcuetvu-ea (ttusses) is compoBed of two systems of 
bars, an upper and lower. The bnra whicli unite the joints of one of these syatoms 
to (hoEe of the other (we consider them as going fram the upper to the lower) are 
diagonals or hraoes, if they are inclined from left to right, and if inclined in 
the opposite sense conira-diagonals. We call the upright hars verlieals. 

\ For this reason Kga. i and 3 of PI. ivi. in the atlas of Culmann's G-raphiaal 
StaMoa are not redprocal, and eimilarly Figs. 7 and 7, of pi. xik., &o. ; on 
the other hand, diagrams 188 and 169 of p. 422 (Ist edition) are ^siSeeilj 
reciprocal. 
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The conetruction presents no ambiguity, if we remember 
that to a bar of the framework belonging to the contour of a 
polygon of the diagram a, to which the lines of action of two 
external forces also belong, corresponds in the diagram b a 
straight line passing through the vertex common to the sides 
equipollent to those two forcea. 

Then we pasa on successively to the other joints, taking 
them in such an order that in each new polygon to be 
constructed only two unknown sides remain. 

In the figures given, all the lines of each of the diagrams 
have numbers attached to them indicating in what order the 
operations are to be performed. 

* The figure cait he drawn hi a few mmutes, whereas the algehrak 
eompittation <:f the stresses, thmigh offering no mathemaiieal di0- 
miUy, is singularly ajit,from mere complexity of notation, to result 
in eiror*.' 

36. A Bupei-ficial consideration might lead ua to conclude 
that the solution of the above problem is possible and deter- 
minate, even in the case where the frame has no joint at -which 
three straight lines only intersectf. 

Suppose, for example, that the skeleton of the structure is 
formed by the sides 5,6,7,8 of a quadrilateral and the 
straight lines 9,10,11,12 which join its vertices to a fifth 
point; and let the external forces 1,2,3,4 be applied at 
the vertices (S, 5, 9), (5, 6,10), (fl, 7, 11), (7, 8, 12) of the 
quadrilateral J. Construct the polygon 1, 2, 3, 4 of external 
forces and through the points (1 , 2), (2, 3), (3, 4), (4, 1) re- 
spectively, di-aw the indefinite straight lines 5,6, 7, 8. 

Then our problem is, to construct a quadrilateral, whose 
sides 9,10, 11, 12 are respectively parallel to the lines denoted 
by these numbers in the given diagram, and whose vertices 
(9, 10), {10, 11), (n, 12),(12,9)lierespectively onthesti-aight 
lines 5,6,7, 8 . Since the problem of consti'ucting a quadrila- 
teral whose sides have given directions (or pass through given 

* Professor Flaeming Jenkin, p. 443 of the Tolume of the Trau?aotioiiB of Edin- 
burgli already cited on p. 132. 

+ Tlie frame or truss is always supposed to be fovmed by trmiigles only. 

J Exactly the fame reasoning applies to tiie structure formed by any polygon 
wiaisver, and the straiglit lines joining Its Terticee to a fixed point. 

We haye given ao figures for this article, but the reader can easily supply 
them for Mmself. 

L 2 



y Google 



148 APPLICATION OP ItECIPSOCAL [36- 

points on the same straight line), and whose vertices lie on 
four fixed straight lines admits in general of one, and only 
one, solution ; we might at first sight suppose that the diagram 
of forces is completely determined. 

But this illusion vanishes when we remember that the gco- 
meti'ical problem presents certain cases which are impossible 
and indeterminate. In a word, suppress one of the con- 
ditions, that is, assume that the quadrilateral has its sides 
parallel to the given directions, and that its first three vertices 
only lie on given straight lines 5, 6, 7 ; then we know that 
the fourth vertex describes a straight line r* whose point of 
intersection with the given straight line 8, will determine 
the fourth vertex, and give the required solution. Now if the 
data are such that r is parallel to 8 , we arrive at an impossi- 
bility. Again, making a still more special hypothesis, if the 
straight line r coincides with 8, the problem is indeterminate, 
and an infinite number of quadrilaterals will satisfy the con- 
ditions of the problem. 

In order to show that the conati'uction of the diagram reci- 
procal to the given diagram is indeterminate or impoaaiblo, it 
is enough to reflect, that if we consider the given diagram as 
the polygon of forces whose magnitudes are represented by 
the segments 5 , 6 , 7 , 8 , the pole of the polygon being the 
point (9, 10, 11, 12), then the reciprocal diagram (9, 10, II, 
12) is simply the corresponding funicular polygon. But, 
in order that the construction of the funicular polygon 
may be possible, it is necessary that the forces should be in 
equilibrium : if then we suppose the magnitude of the forces 
5, e, 7, 8 given, and also the lines of action 5 , 6 , 7 of thi'ce of 
them, the line of action of the fourth is perfectly determined, 
and is the straight line r of which we have just spoken. 
Hence if r and 8 do not coincide, the forces in question 5,6,7, 8 
are not in equilibrium, but are equivalent to an infinitely 
small force at an infinite distance, and the problem is impos- 
sible ; if, however, )■ and 8 do coincide, that is to say, if 
the forces in question are in equihbrium, the problem is inde- 
terminate, since for a given pole and system of forces we are 
able to construct an infinite number of funiculai- polygonB. 
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In the first of these two cases, equilibrium might be 
obtained by combining the forces 5, 6, 7, 8 with a force 
equal and opposite to their infinitcjly small resultant, situated 
at infinity, i.e. by considei-ing the polygon 5, 6, 7j 8 as the 
projection not of a quadrangle but of a pentagon, two succes- 
sive vertices of which project into one and the same point 
(7, 8, 12). The straight line 12 would then be the projection 
of two distinct straight lines in space, and consequently in 
the reciprocal dia^am, to the point (9 , 10 , 11, 12) there would 
correspond an open pentagon 9, 10, 11, 12, 12', having its 
vei-tices (9, 10), (10, 11), (II, 12), (l2'-9) situated respectively 
on the straight lines 5,6,7,8, and its vertex 1 2, 1 2 ' at infinity. 

37. Each rectilineal' bar of a framework is the line of 
action of two equal and opposite forces, applied respectively 
at the two joints connect^ by the bar. The common magni- 
tude of these two forces, that is to say, the measure of the 
stress which they exert on the bar, is given by the length of 
the corresponding straight line of diagram b. These two 
forces may either be considered as actions or as reactions : 
to pass from one case to the other, it is only i 
3 their directions*. 



38. Each joint of the framework is the point of application 
of a system of at least three forces, in equilibrium ; one of them 
may be an external force, the others are the reactions which 
are called into play in the bars which meet at the joint in 
question. It is sufficient to know the sense of one of these 
forces in order to obtain that of all the others. Two cases are 



First, if an external force be applied at the joint con- 
sidered ; then if we pass along the coiTeaponding side of the 
polygon of forces in the sense of that force, each of the other 
sides of the polygon will be passed over in the sense which 
belongs to its corresponding internal force, considered as a 
reaction applied at the joint in question. If, on the con- 
trary, we wish to find the sense in which the internal forces 
would act when considered as actions, it is suificient to reverse 
the direction of the external force. 

* In the figures of this work the ties are shown by finer lines than the strnts. 
In the figurea of Culmaiin and Reuleaus the Etrnts are shown in double lines, the 

ties by single ones. See the first note on p. 143. 
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If th>^ only forces which act at the joint in question are 
internal forces, it m like-wise sufficient to know the sense of 
one of them in order to find by the process just explained the 
sense of all the others. 

We shall call that order which corresponds to the internal 
forces considered as actions the cyclical oi'der of the contour of 
a polygon of the diagram b. We see then, that by commenc- 
ing at any joint at which an external force is applied, we ai'e 
able to determine in succession the magnitude and sense of all 
the internal forces. By considering one of the internal forces 
as an action applied at one of the two joints between which it 
acts, we are able to recognise at once whether the bar connect- 
ing the same joints is in compression or tension. 

Every straight line in diagi'am ^ is a side common to two 
polygons : in going round the contour of each of them in their 
respective cyclical order, the sides will be described once in 
the one sense, and once more in the contraiy sense *. 

This eoiTesponds to the fact that the straight line in ques- 
tion represents two equal and opposite forces acting along 
the con-eeponding bar of the framework. 

39. We know that the algebraic sum of the projections of 
the faces of a polyhedron is equal to zero. By applying this 
theorem to the polyhedron IT (Art. 29), remembering that the 
projection of the surface S forms the polygons of the diagram 
b, coiTesponding to the joints of the structure, whilst the pro- 
jection of the rest of the polyhedron FT is simply the polygon 
of external forces, we arrive at the following theorem : 

'Begm-dmg the area of a polijgon m positive or negative acem-dmg 
as that area lies to the right tw to tlie left of an observer passing 
round its contour in tlie cyclical order which belongs to it, then the 
sum (f the tweas of the polygons of diap-am 5 which correspond 
to the joints of the framewwk is eq^ital and opposite to the area of 
ths polygon of external forces. 

Clerk Maxwell has ai'rived at this theorem in another 



* TMs property ie in accordance with tiie so-oalled Law of Edges (Kabtbk- 
OESETz) of polyhadra poeseasing one internal Borfece and one esteroal. 

Bee MBbios, feiej- die Besiiimawag dee Inhalts eiiies Folyedei-e (Leipziges 
Beriohte, 18G5, toI. 17, p. 83 and following), oi' Gesammelte Wci-lic, 2ud Band, 
p, 473 ; also Baltzeb, Stereometde, § 8, Art. 16. 
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way by investigating whether it is possible or not to con- 
struct the diagrams of forces * for any plane frame whatever. 

40. The method of sections generally eraployed in the study 
of variable systems furnishes a valuable means of verification. 

If an ideal section he made m the structv/re, tJten im, each of the 
parts so olilained, the external forces are in eqmlilnuM with the 
reactions of the lars cut across iy the section. 

If only three of the reactions are unknown, we can deduce 
them from the conditions of equilibrium, since the problem 
of decomposing a force i* into three components, whose lines 
of action 1,2, 3 are given and form with 0, the lino of action of 
-P, a complete plane quadri- 
lateral, is a determinate pro- 
blem and admits of oidy one 
solution. 

In fact (Fig, 6) it is only 
necessary to draw one of the 
diagonals of the quadrilate- 
ral, for example, the sti-aight 
line 4 which joins the points 
(O, l), (2,3); to decompose 
the given force into two 
components alongthestraight 
lines 1,4 (we do this by con- 
sti'ucting the triangle of forces p- ^ 

, 4 , 1 of which the side o is 

given in magnitude and direction) ; and finally to decompose 
the force 4 along the straight lines 2 and 3 (by constructing 
in like manner the triangle of forces 4,3,2). 

This method, which may be called the static method, is aU- 
sufficient for the graphical determination of the internal forces, 
eq^ually with the geometrical method, previously explained, 
which is deduced from the theory of reciprocal figures, consists 
in the successive construction of the polygons corresponding 
to the different joints of the sti'ucture. The static method is 
at least as simple, it can be rendered very useful in combina- 
tion with the latter method, and it permits the rapid verifica- 
tion of the constructions. The exteiiial forces applied to a 
portion of the structure, obtained by means of any section 

» Memoir of 1S70, p. 30, alroftdy cited oii p, 132. 
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whatever, and the reactions of the bars that are cut, must have 
the property that the corresponding lines of diagram b form a 
closed polygon. This polygon must be the projection of a 
closed twisted polygon, and not merely of an open crooked 
line whose extremities are situated in a straight line perpen- 
diealar to the orthographic plane ; this condition requires 
that the twisted reciprocal polygon shall also be closed, i.e. we 
are able to unite the corresponding lines of the diagram a by 
a closed funicular polygon. 

The method of sections may also be presented in another 
form. Denoting again by the resultant of all the known 
forces applied to the portion of the structure considered, and 
by 1, 2,3 the three unknown reactions, the sum of the moments 
of these four forces in regard to any point whatever ia zero. 
Now, by taking as the centre of moments the point where 
two lines of resistance meet, for example, the point (2,8), the 
moment of the third reaction 1 will be equal and opposite 
to that of the force 0. We thus obtain a proportion between 
four magnitudes (the two forces and their moments) among 
which the only unknown quantity is the magnitude of the 
force I. This is the method of statical moments, by which 
the internal forces developed in the different bara of a frame- 
work can be calculated numerically, instead of being con- 
structed graphically*. 
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CHAPTER IV. 

EXAMPLES OP FRAME- AND STRESS- DIAGRAMS. 

41, We will now pass on to the study of some suitable 
examples to show the simplicity and elegance of the graphic 
method. We do not always adhere to regularity and sym- 
metry of form in the structures which we are about to study, 
although in practice engineers hardly ever depart from these 
conditions. But the gym-metrical forms of practice are only par- 
ticnlar eases of Me irregular ones of abstract geomeh-y : and there- 
fore the forms which we shall treat include all the cases 
which are possible in practice. In what follows, the expres- 
sion 'framed structure' will be used in the general and 
theoretical sense which Maxwell attiibiited to the word 
frame. 

' Afi'ame is a system of lines connecting a n-mtlier of points. A 
stiff frame is one in which the distance between any two points 
cannot be altered without altering the length of one or more qf the 
connecting lines of the frame. — A frame of s points in a plane 
re^iires in general 2 s — 3 connecting lines to render it stiff*.' 

We confine ourselves to the study of plane figures formed 
by triangular pai'ts. 

42, As a fu-st (general and theoretical) example, let 1,2, 
3, ... , 10 (Fig. 7 «) be a system of ten external forces in equi- 
hbrium ; construct the coii-e spending polygon of forces, and 
join its vertices to an arbitrary pole (Fig. J b,m which the 
polygon of forces is represented by double lines). Draw next 
a funicular polygon, having its sides respectively parallel to 
the rays from (Fig. i), and its vertices lying in the lines of 
action of the forces 1,2,3, ... , 10. The forces in question are 
applied at the different joints of a framed structure, the bars 
of which are numbered from 11 up to 27 (Fig. 7 a). 

*■ I'age 234, P}iiL Mag., April 1864. 
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We commence by conatnictitig the triangle corresponding 
to the joint (10,11, 13), (ilrawing through the exti'emities 
(>r the straight line 10 two straight lines 11 , 12, respectively 




parallel to 11 and 12 ; we notice that the straight line 1 1 
must pass through the point (1, 10), because in the dia- 
gram a, the linea 1,10, 11 belong to the contour of the same 
polygon*; for the same reason 12 must pass through the 
point (9,10). Pasting round the contour of the triangle just 



* Tliia polygon is i qoadn ate al Iiose fourtl e de « 
ciilar polygon oompriEed between the forcts 1 a d 10 
(Alts. 37, 31) the whule ot t! e fun ar ptlv^ n ^lit li 



Bi ie of tlie funi- 
re sly stated 
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obtained, in a sense contrary to that of the force 10, we 
obtain the sense of the actions called into play at the joint we 
are dealing with, along the lines 11 and 12 ; and it is thus seen 
that the bar 11 is in a state of compression and the bar 12 of 
tension. 

Now construct the quadrilateral corresponding to the joint 
at which the force 9 is applied, and for this purpose, draw 1 3 
through the point (ll,I2)and 14 through the point (8,9). 
The bar 13 is in compression, 14 in tension. 

Next construct the pentagon corresponding to the joint at 
which the force 1 is applied, by drawing 15 through the point 
(13, 14), and 16 through the point (1 , 2). The pentagon thus 
obtained is a crossed one. The bar 15 is in tension, 16 in 
compression. 

Then construct the pentagon corresponding to the joint at 
which the external force 8 is applied ; by drawing the line 
17 thi-ough the point (15, 16), and the line 18 through the 
point (r, 8). Tlie bar 17 is in compression, 18 in tension. 

Continuing in this manner we find all the other internal 
forces. The last partial construction gives the triangle which 
corresponds to the point of application of the force 5 . The 
bars 20, 21, 24, 25, 27 are in compression ; 19, 22, 23, 26 
are in tension. 

43. Figure 8a represents a bridge girder, at the joints of 
which are applied the forces l, 2, 3, ... , 8, e, 10, ,.., 16 all 
vertical; the forces 1 and acting upwards represent the 
reactions of the supports ; the forces 2,3, ..., 8 are the weights 
applied at the joints on the upper platform; and 10,11,..., 
16 the weights applied at the joints of the lower platform. 

These forces are taken in the order in which they are met 

th in going round the contour of the structure; and in 
m l> the sides of the polygon of external forces are 
id in the same order. This polygon has all its sides 
lying in the same veitieal straight line ; the sum of the 
segments 1 , 9 is equal and opposite to that of the segments 
2,3,.., 8,10, 11,..., 16, because the system of external forces 
is necessarily in equilibrium. 

The diagram 5 is completed by following precisely the same 
rules as those just laid down. Commence at the joint (1, 17, 
is); draw the straight line 17 through the point (l , 2), where 



y Google 



156 EXAMPLES or FEAME- AND STRESS- DIAGRAMS. [4S- 

the upper extremity of the segment 1 meets the upper 
extremity of the segment 2 ; and the straight line 18 through 
the point (IG, 1), which is both the lower extremity of the 
t 1 6 and that of the segment 1 . 
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Pass on to the joint (2,17, 19, 20). Di'aw li) through the 
point (17, 18), and 20 through the point (2, 3), the lower end 
of 2 and upper extremity of 3 ; and we obtain the polygon 
2,17,19,20, which is a rectangle. 




Constnict the polygon corresponding to the joint (16,18, 
19, 21, 22). For this purpose draw 21 through the point 
(19, 20), and 22 through the point (15, 16) ; we thus obtain 
a crossed pentagon. Continue to deal in the same manner 
with each of the points of application of the forces 3,15,4, 
14 , 13 , 5 , 12 , 6 , 11 , 7 , 10 , , taken in succession. 

Since the diagram a, which represents the skeleton of the 
structure and all the external forces, has for its axis of sym- • 
metry the vertical which passes through the centre of the 
figure, the diagram 5 has for its axis of symmeti'y the median 
horizontal line, For example, the triangle 9, 45, 44 is sym- 
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metrical to the triangle 1, 17, 18 ; the rectangle 8, 45, 43, 42 
to the rectangle 2, 17, 19, 20: and SO on. 

All the upper bara are in compreBsion, and all the lower 
ones are in tension. 

The diagonals and contra-diagonals are all in compression ; 
finally two of the verticals 23 , 39 are in tension, and all the 
rest in compression. 

44. Figure 9a* represents one half of a locomotive shed. 
The external forces are the weights 1,2,3,4,5 applied at 




the upper joints of the frame, and the reactions 6 and 7 of the 
wall and column. Again, all the external forces are parallel, 
and consequently the polygon of forces reduces, in diagram 
b, to one straight line. The force 6 (taken in the opposite 
sense to that in which it really acts) is equal to a certain part 
of the weight 5 ; by adding the diffeience 
to the other weights we get the magni- 
tude of the force 7 . 

In the diagram 5 the direction ot the 
hnes 8 and 13 coincide; the hrafc is a 
part of the second. Here then we have 
for the polygon corresponding to the joint 
{8, 10, 12, 13) one of those degenerate 
foi-ms about which we spoke in Art, 33, the 
polygon is in fact a quadrilateral 8,10, 
12, 13, having three of its vertices (13, 8), ""'" 
(8, 10), (12, 13) in one straight line. ^' ^ 

The polygon 5,17,18,6, corresponding to the point where 




* This example is taken from PI, x 
let edition. Aa proviously stated, 



.ofihe atlas of GrajjSiscie Soft's of CuLMiNN, 

.e two diagrams are not rigorously tecipcooal. 
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the roof is aupported by the wall, presents an analogous 
degenerate form, since the vertices (6, 5), (upper point of the 
segnient{6),(.'j,17). and (18, 6) all lie in the same straight line. 

The lower bai-s 8, 13, 18 are in compression, as well as 
the diagonals 10 , 14 , 16 , the column 7 and the wall 6 ; while 
the upper pieces 9 , 11 , 15 , 17 and the diagonal 12 are in tension. 

45. Diagram a of Fig. lO represents a truss at the upper 
joiniB of which are applied the oblique forces l , 2 , . . . , 7 , which 





may be considered as the resultants of the dead-loads and 
wind pressure ; the forces 8 , 9 represent the reactions at 
the supports. 

The polygon of external forces is di'awn in diagram & with 
double lines. 

"We construct successively the triangle 1,10,11, the quad- 
rilateral 9,10,12,13, the pentagon 2,11,12,14,15, the 
quadrilateral 13,14,16,17, the crossed pentagon 3,15,16, 
18, 19 ; the crossed quadrilateral 4, 19, 20, 21 , the pentagon 
17, 18,20,22, 23, and so on. 

The upper bars 15, 19, 31, 26 are in compression, &s well as 
the lower bars 10, 13, 30, and the verticals 12, 16 , 24, 28 ; 
whilst all the remaining bars of the structure are in tension. 

46. The diagram a of Fig. 1 1 represents a suspension 
bridge, loaded at each of its upper joints with weights 1, 2, 
. . . , 8 , and at each of its lower j oints with weights 10 , 11 , 21 , 
..,,18; the weights are kept in equihbrium by the two 
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oblique reactions} 0, 17 at the two extreme points of the 
structure *. 

The polygon of external forces has its first eight sides in 
succession along the same vertical straight line, and its seven 




last sides situated in another vertical straight line. The 
oblique sides !) and IT intersect, so that the polygon is a 
crossed one. We construct successively the polygons 1 j 1 7 , 
19, 18; 16, 19, 20, 21 ; 2, 18,20, 22, 23; 15 , 21 , 32, 24, 25 ; 
3, 23, 24, 26, 27; and so on; most of which are crossed. 

Diagram S shows that the upper hars are all in tension, 
and that the tension decreases from the ends towards the 
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Fig. II&. 

middle of the sti-ueture ; the bars of the lower boom are also 
all in tension, but in them the tension decreases from the 
middle towards the ends. 

The extreme diagonals and conti'a-diagonals are in tension ; 
in the portion situated to the left of the axis of symmetry, the 
diagonals or braces are alternately in tension and compression ; 
similarly they are on the right but in the reverse order. Con- 
sidering separately the ties and struts, we see that the internal 

;e of ttose atudied by Maxwell in tis memoir 
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forcea decrease from the ends towards the niiddle of the 
structure. 

In this example again the diagrams have axes of symmetry. 




of Fig. 12 represents a framed crane- 
post; the weight of the machine is distributed over the 
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different joints, and is represented by the sum of the forces 
1.2,3, ...,0; the force 5 also includes the load the crane is 
required to lift. 

All these forces are kept in equilibrium by the reactions at 
the supports, the magnitudes of which are obtained by re- 
solving the resultant weight into three forces acting along the 
lines 10,11,12. These forces, taken in the contrary sense, 
furnish the pressures which arc supported by the sti"ut 10, 
and the column 11, and the tension in the tie 12. 

48. These external forces may be determined as follows ; 

We take on the same vertical line segments representing 
the magnitudes of the forces 1, 2,3 ... 9, and choose a pole 
arbitrarily ; join the pole to the points (0,1), (1,2), {2, 3), 
... (8, 9), (9, 0)*j and construct the corresponding funicular 
polygon. The vertical through the point where the extreme 
sides (0,1), (8,0) meet will be the line of action of the total 
weight of the crane and load, a weight represented in magni- 
tude by a segment, which has the same initial point as the 
segment 1, and the same final point as the segment 9. If now 
wo decompose the resultant weight, which is now known, 
into three components, whoso lines of action are the straight 
hnes 10 , 11 , 12, employing the construction of Ai't. 40 (Fig. 6), 
we obtain the three forces 10,11,12. That is to say, these 
taken in the opposite sense and the given weights complete 
the system of external forces. 

In order to obtain the diagram b, we construct first the 
polygon of the external forces, taking these forces in the order 
in which we encounter themin going round the contour of the 
structure. Then construct in succession the polygons con-e- 
sponding to the joints : (5, 13, 14), (4, 13, 15, 16), (6, 14, 15, 17, 
18), and so on in the manner just described. 

The diagram thus obtained enables us to see that the bais 
of the upper pai-t are in tension, and those of the lower 
part in compression ; while the diagonals are alternately in 
tension and compression. 

* Here (0, 1) repTeseiits the initial point of tlie esgment 1, and (9,0) tli« 
final priint of Begment 9. !□ the figure the rnj?, from the pole and the sides of 
the correspoiiding fumcnlar polygcn, arc shown Ijy dotted lines 
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English History : Sources 
Ancient Britain and the Invasions of Julius Caesar, By 

T. RitE HoLJiEs. Svo. Ill the press. 

Two of the Saxon Chronicles Parallel ; with suppiemenury 

extracts from the others. A Revised Text, edited, with introduction, notes, 
appendices, and glossary, by C. Plujisier and J, Eakle. Two volumes 
crown Svo, leather-back. Vol. I. Text, appendices, and glossary. 10s. Gd. 
Vol. II, Introduction, notes, and index, 12s. fid. 

The Saxon Chronicles (ist-iooi A.n,). Crown Svo, stiffcovers. 33, 

Baedae Opera Historica, edited by C. Plummek. Two volumes. 
Crown Svo, leather back. £1 ]s. net. 

Handbook to the Liand-CharterS, and other Saxonlc Documents, 
by J. Earle. Crown Svo, 16s. 

The Crawford Collection of early Charters and Documents, now in 
the Bodleian Library. Edited by A. S, Napier and W. H. Stevenson. 
Small Ito, doth, I3s, 

Asser's Life of Alfred, with the Annals of St. Neot, 

edited by W. H, Stkvenson, Crown Svo. 13s. net. 

The Alfred Jewel, an historical essay. With illustrations and a map, 
by J, Barle, Small 4to, buckram, 12s, fid. net. 

Chronicles of London. Edited, with introduction and notes, by 
C. L. KiNGSFORD. Svo, lOs, fid. net. 

DialogUS de Scaceario (De necessarlis observantiis Scaccarii dialogus) 
by Richard, Son of Nigel. Edited by A. Hughes, C. G. Chump, and C. 
JonusoN, with introduction and notes. Svo. 12s. 6i net. 

The Song of IxweS. Edited from the MS, with introduction and 
notes, by C. L. Kingsi'omj. Extra fcap Svo. 5s. 

Chronicon Galfridi le Eaker de Swynebroke, edited by Sir 

E. Maunde Thompson, K.C.B. Small 4to, ISs. ; cloth, gilt top, £1 Is. 

Passio et MiraCUla Beati Olaui. Edited ftom the Twelfth-century 
MS by F, METCALrE, Small 4to. fis. 

Gascoigne's Theological Dictionary ('LiberVerftatum'): selected 

passages, illustrating the condition of Church and State, 1403-1458, With 
an introduction fay J. E. THOitOLn Rogers, Small 4to. lOs. fid, 

Forteseue's Governance of England : otherwise caUed The 

Difference between an Absolute and a Limited Monarchy, A revised text, 
edited, with introduction, etc, by C. Flbmjier, Svo, leather back, 12s. ed. 
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CLAHENDON PRESS BOOKS 

The Protests of the I^ords, including those which have been 
expunged, from 1634 to 1874 ; with historical introductions. By J. E. 
THORotii RoQEBs. In three volumes. Svo. £S 3s. 

Index to Wills proved in the Court of the ChanceUor of the University 
of Oxford, etc. By J. Gmri nng. Royat 8vo. 3s. 6d. 

The Clarendon Press Series of Charters, 
Statutes, etc 

From the earUest times to 1307. By Bishop Stijbds, 
Select Charters and other iUustrationa of English Constitutional History, 
Eighth ediijon. Crown 8vo. 8s. 6d. 

From 130T to 1558, In Preparation. By G. W, Phothero. 

Select Statutes and other Constitutional Documents. 

From 1558 to 1635. 

Select Statutes and other Constitutional Documents of 
the Reigns of Elizabeth and James I. Third edition. 

Crown 8vo. lOs. 6d. 

From 1625 to 1660. By S. R. Gabdineii. 

The Constitutional Documents of the Puritan Revolu- 
tion. Third edition. Crown 8vo. 10s. ed. 

Calendars, etc 

Calendar of Charters and RoUs preserved in the Bodleian Library. 
8vo. £1 lis. 6d. 

Calendar of the Clarendon State Papers preserved in the 

Bodleian Library. In three volumes. 1869-76. 
Vol. I. From 15S,3 to January 16*9. 8vo. 185. Vol. II. From 161!) to 
1654. 8vo. 16s. Vol. III. From 1655 to lesT. 8vo. 14s. 



Hakluyt's Principal Navigations, being narratives of the Voyages 
of the Elizabethan Seamen to America. Selection edited by E. J. Payne, 
Crown 8vo, with portraits. Second edition. First and Second Series, 
5s. each. 

Also abridged, in one volume, with additional notes, maps, &c., by 
C. Raymond Beazley. Crown 3vo, with illustrations. 4s. 6d. Also, 
separately, ' The Voyages of Hawkins, FrobLsher, and Drake.' Ss. 6d, 

Aubrey's ' Brief Lives,' set down between the Years 1669 and 1696. 
Edited fvom the Author's MSS by A. Clark. Two volumes. 8vo. £1 5s. 

Whitelock's Memorials of English Affairs from 1625 to 1660. 4 vols. 
8vo. £1 10s. 

Ludlow's Memoirs, 1695-1C72. Edited, with Appendices of Letters 
and illustrative documents, by C. H, Piuth. Two volumes. 8vo. £1 I6s. 

Luttrell's Diary. AbricfHistoric3lReIationofStateAifairs,I678-lI14. 
Six volumes. 8vo. £1 4s. 

Burnet's History of James II. Svo. ss. 6d. 

Life of Sir M. Hale, with Fell's Life of 
Dr. Hammond. Smau svo. ss. ba. 
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Burnet's History of My Own Time. A new edition based on 

UiatofM. J. RouTi!. Edited by OsjiuNnAiBY. Vol, I. 12s.6d. Vol.11, 

(Completing Cliarles ttie Second, with Index to Vols. I and II.) ISiS. fid. 

Supplement, derived from Burnet's Memoirs, Autobiography, etc., all 

hitherto unpublished. Edited by H. C. Foxcroit, 1902. 6vo. 16a, net. 

Carte's Life of James Duke of Ormond. a new editioa 

carefully compared with the original MSS. Six volumes. 8vo. £i 5s, 
The Whitefoord Papers, from ITSO to ISIO. Edited by w. a. S. 
Heivins. 8vo. i3s. 6d. 



History of Oxford 



Manuscript Materials relating to the History of Oxford ; 

contained in the printed catalogues of the Bodleian and College Libraries. 
By F. Madan. 8vo. 7s, fid. 
The Early Oxford Press. A Bibliography of Printing and Publishing 
at Oxford, ' H68'-1S40, With notes, appendices, and illustrations. By 
F. Mahan. Svo. I8s. 

Bibliography 
Cotton's Typographical Gazetteer. First Series. Svo. las. ed, 
Ebert's Bibliogi'aphical Dictionary, ivois. svo. isss, net 

Bishop Stubbs's and Professor Freeman's Books 
The Constitutional History of England, in its Origin wi 

Development. By W, Si-ubbs. Library edition. Three volumes. Demy 
Svo. £3 8s. Also in three volumes, crown Svo, price 13s. each. 
Seventeen Lectures on the study of Mediaeval and Modern Histoty 
and kindred subjects, 196T-188<t, By the same. Third edition, revised and 
enlarged, 1900. Crown 8vo, half-rottn. 9s, fid. 

History of the Norman Conquest of England ; its Causes 

and Results. By E, A. Fhekuan. Vols. I, II and V (English edition) are 
out of print. 

Vols. Ill and IV, £1 Is. each. Vol. VI (Index), 10s. fid. 

A Short History of the Norman Conquest of England. 

Third edition. By the same. Extra fcap Svo. 3s. fid. 
The Reign of WilHam Rufus and the Accession of Henry the 
First. By the same. Two volumes. Svo, £1 16s. 



Companion to English History (Middle Ages). Edited by F. p. 

BARKARn, With OT illustrations. Crown Svo. 8s, 6d. net. 
School History of England to the death of victoria. With maps, 
plans, etc. By O. M, Euwarjih, R, S, Rait and others. Crown Svo, 3s. 6d. 



y Google 



CLARENDON PRESS BOOKS 

Special Periods and Biographies 
Life and Times of Alfred the Great, being the Ford Lectures 

for 1901, By C. Plujimer. 8vo. 5s. net. 

The Domesday Boroughs. By Adolfhus Ballaed. svd, with 

four plans. 6s, fid. net. 
Villainage in England. Essays in Englisli Mediaeval History. By 
P. VisoanADOFF. 8vo, leather back. I6s. 

English Society in the Eleventh Century. Essays in 

English Mediaeval 'History. By P. VisocnADOrr. 8vo. In the press. 
The Gild Merchant : a conlrlbution to Brllash municipal history. By 

C, Ghoss, Two volumes. 8vo, leather back, £1 4s. 
The Welsh Wars of Edward I ; a contribution to mediaeval 

military history. By J. E. Moanis, Svo. 9s. 6d, net. 

The Great Revolt of 1381. ByCOsiAu. with two maps, 9vo. 

8s, 6d, net. 
Lancaster and York, a Century of English History (a. d. I399-I4S5). 

By Sir J. H, Rajisay. Two volumes. Svo, with Index, £1 17s. 6d. Index 

separately, Is. 6d. 
Life and Letters of Thomas Cromwell. By li. B. Merrimas. 

In two volumes. [Vol. I, Life and Letters, 1533-1535, etc. Vol. II, Letters, 

1536-1540, notes, index, etc.] Svo. 18s. net, 
A History of England, principally in the Seventeenth Century. By 

L, VON RAfKE. Translated under the superintendence of G. W, Kixchik 

and C. W, BoASE. Six volumes, Svo, £3 3s, Index separately. Is. 
Sir Walter Ralegh, a Biography, by W. STEBniKG. Post Svo, 6s, net. 

Biographical Memoir of Dr. William Markham, Arch- 
bishop of York, by his great-grandson. Sir Clejiexts Mabkham, K.C.B. 
Svo. With photogravure portrait 5s, net. 

The Life and Works of John Arbuthnot. By G. A, Aitkjuv. 

8vo, cioth extra, with Portrait. ICs. 

Life and Letters of Sir Henry ^Votton. By l. Peahsall- 

SsnTH. Svo. Two volumes, 253. net. 

Great Britain and Hanover. By A, w. Ward. Crown Svo. ss. 
History of the Peninsular War. By c. Oman. To be completed 

in six volumes, Svo, with many maps, plans, and portraits. 

Already published : Vol. I, 1807-1809, to Corunna. 14s, net. Vol, IL 
1809, to Talavera. 14«, net Vol. IIL In the Press, 

Anglo-Chinese Commerce and Diplomacy : mainly in the 

nineteenth century. By A. J. Sargent. In the press. 
Frederick York PoweU. A Life and a selection from his Letters 
and Occasional Writings. By Oliver Elion, Two volumes, Svo. With 
photogravure portraits, facsimiles, etc, 31s. net, 

David Binning Monro : a short Memoir. By J. Cook Wilson. 

Svo, stiff boards, with portrait. 3s. net, 
F. W. Maitland. Two lectures by A. L. Smith, Svo, In the press. 
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History and Geography of America 
and the British Colonies 

For other Geogi'aphica! books, see page 10. 

History of the New World called America. By e. j. Payne, 

Vol. I. 8vo. 18g. Bk. I. The Discovery. Bk. II, Fart I. Aboriginal America, 
Vol. II. 8vo. 14s. Bk, II, Pai-t II. Aboriginal America (concluded). 

The Canadian AVar of 1812. By c. p. Lucas, c.b. 8vo. with 

eight maps, 13s. Gd. net. 

Historical Geography of the British Colonies. By C ?. 

Lucas, C.B, Crown 8vo. 

Introduction. New edition by H. E. Ecebton. 1903, With eight 
maps. 3s. 6d. In cheaper binding, Ss. (id. 

Vol. I. The Mediterranean and Eastern Colonies. 

With 13 maps. Second edition, I'evised and brought up to date, by 
R. E. Stuebs. 1906. 5s. 

Vol. II. The West Indian Colonies. Witb twelve 

maps. Second edition, revised and brought up to date, by C. Atchley, 
I.S.O. 1905. 7s. m. 

Vol. III. West Africa. Second Edition. Revised to the 

end of 1899 by H. E. Eg^^kton. With five maps. Ts. 6d. 
Vol. IV. South and East Africa. Historical and Geo- 
graphlcaL With eleven maps. 9s. 6d. 
Also Part I. Historical 1898. Gs. Cd. Part II. 1903. Geographical. 
3s. 6d. 

Vol, V. Canada, Part I. isoi, ea. 

Vol. VI. Australasia. By J. D. Eogebs. 190T. With SS maps. 

7s. 6d. Also Part I, Historical, 4s. 6d. Part II, Geographical, Ss. 6d. 

History of the Dominion of Canada, By W. P. Gbesweli, Crown 9vo. 7s. ed. 

Geoaraphy of the Dominion of Canada and Newfoundland. By the same author. 

With ten maps. 1991. Crown 8vo. 6s. 
Gei^raphy of Africa South of the Zambesi. With maps. 1893. By the same 
author. Crown Svo. Ts. Gd, 

The Claims of the Study of Colonial History upon the 
attention of the University of Oxford, An inaugural lecture 

deUveted on April 29, 1906, by H. E, EciERTOK. Svo, paper covers. Is. net. 
Historical Atlas. Europe and her Colonies, 37 maps, 35s. net. 

Comewall-Lewis's Essay on the Government of Depen- 
dencies. Edited by C. P, Lucas, C,B. Svo, quarter-bound, Us. 
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History of India 

The Imperial Gazetteer of India. New ediUon. To be com- 
pleted in twenty-six volumes. 8vo. Subscription price, doth, £5 net; 
morocco back, £6 6s. net. The four volumes of 'The Indian Empire ' {I, III, 
IV are ready) separately 6s. net each, in cloth, or 7s. (id. net with morocco 
back; the Atlas separately 15s. net in doth, or 17s. 6d. net with morocco 
back. Subscriptions may be sent through any bookseller. 

Reprints from the Imperial Gazetteer. 

A sketch of the Flora of British India. By Sir Joseph Hooker. Svo. Paper 
The Indian Army. A sketch of its History and Organization. Svo. Paper 

A Brief History of the Indian Peoples. By Sir w. w. Hitoteb. 

Revised up to 1903 by W. H, Huttok, Eighty-ninth thousand. 3s. 6d. 
Rulers of India, EditedbySirW.W.Ht'MT™. Crown 8vo. gs.6d.each, 
Biibar. By S. Lane-Poole. 
Akbar. By Colonel Mallesos. 
Albuquerque. By H. Mohse Stei'hens. 
Aurangzib. By S, Lsme-Poole. 
Mddhava Rio Sindhia. By H. G. Keene. 
Lord Clive, By Colonel Maileson, 
Dupleix. By Colonel Mali.esom'. 
Warren Hastings. By Captain L. J. Trotteh. 
The Marquis of Comwallis. By W. S. Setou-Kahr. 
Haidar Ali and Tipii Sultdn. By L. B. Bowbino. 
The Marquis Wellesley, K.G. By W. H. Huiton. 
Marquess of Hastings. By Major Ross-of-Bladeksburg. 
Mountstuart Elphinstone. By J. S. Cotton, 
Sir Thomas Munro. By J. Bhadshaw. 
Earl Amherst. By Anne T. Ritchie and R, Evans. 
Lord William Bentinck. By D. C. Bouijseh. 
The Earl of Auckland. By Captain L. J. Trotier. 
Viscount Hardinge. By his son. Viscount HAnDinnE, 
Banjit Singh. By Sir L. Ghitein. 

The Marquess of Dalhousie. By Sir W. W. Hunter. 
John Russell Colvin. By Sir A. Colvin. 
Clyde and Strathnaim. By Major-General Sir 0. T. Burne. 
Earl Canning. By Sir H. S. Cunningham, 
Lord Lawrence. By Sir C. Aitchison. 
The Earl of Mayo. By Sir W. W. Hitnter. 

Supplementary volumes. 
Asoka. By V. A. S.mith. 3s. 6d. 
James Thomason. By Sir R. Temple. 3s. 6d. 
Sir Henry Lawrence, the Pacificator. By Lieut .-General J. J. 
M'Leos Isses. 3s. Sd. 
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The Government of India, being a digest of the statute Law relating 
thereto ; with historical introduction and illustrative documents. By Sir 
C. P. Ilbekt, Second edition, 190T. 10s. 6d. net- 

The Early History of India from 600 e.g. to the Mu- 

hammadan Conquest, including the invasion of Alexander the 
Great. By V. A. Smith. 8vo. With maps, plans, and other illustrations. 

The English Factories in India, 1618-1621. By w. Fosier. 

8vo. (Published under the patronage of His Majesty's Secretary of State for 
India in Council.) I3s. 6d. net. 

Court Minutes of the East India Company, 1635-1G39. 

Edited by W, Fostkr. 8vo. In the press. 
Wellesley's Despatches, Treaties, and other Papers relating to his 
Government of India, Selei^tion edited by S. J. Owen, 8vo, £i 4s. 

Wellington's Despatches, Treaties, and other Papers relating to 

India. SelecUon edited by S. J. Oives. 8vo. £i fe. 

Hastings and the Itohilla War. BySirJ. Strachey. svo. los. ed. 



European History 



Historical Atlas of Modem Europe, ftom the Decline of the 

Roman Empire. Containing 90 maps, with letterpress to each map ; the 
maps printed by W. & A. K. Johwston, Ltd., and the whole edited by 

In one volume, imperial 4to, half-persian, £5 ISs. 6d. net ; or in selected 
seta — British Empire, etc, at various prices from 30s. to 35s, net each ; 
or in single maps. Is. 6d. net each. Prospectus on application. 
Genealogical Tables illustrative of Modem History. By H. B. 
Geohcse. Fourth (1904) edition. Oblong 4to, boards. Ts. 6d. 

The Life and Times of James the First of Aragon. By 
F. D. SwiiT. Svo. :es. ed. 

A History of France. With maps, plans, and Tables. By G.W. Kitchi.v. 
New edition. In three volumes, crown Svo, each 10s. 6d. 

Vol. I, to 1453. Vol. II, 1453-1804. Vol. HI, 11131-1793, 

The Principal Speeches of the Statesmen and Orators 

of the FrencTi Revolution, 1789-1795. With introductions, notes, etc. By 
H. MoHSE Stethens. Two volumes. Crown Svo. £1 Is. 

Napoleonic Statesmanship : Germany. By H. A. L. Fisheb. 

Svo, with maps. I2s. fid. net. 
De Tocqueville's L'Aneien Regime et la Revolution. 

Edited, with introductions and notes, by G. W. Headlaji. Croivn Svo. 6s. 

Documents of the French Revolution, 1789-1791. By 

L. G. WicKHAJi Legg. Crown 8vo. Two volumes. 13s. net. 
Thiers' Moscow Expedition, edited,with introductions and notes, by 
H. B. George. Crown Svo. with maps. .5s. 
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Geography and Anthropology 

Relations of Geography and History. By H. B. Geohge. 

With two maps. Crown 8vo. Third edition. 4s. (id. 

The Dawn of Modern Geography. By c. R. Beazley. in three 

volumes. Vol. 1 (to a.d. 800). Vol. II (a.d. 900-1S60). 15s, net each. Vol. 
III. 20s. net. 
Regions of the World. Geographical Memoirs under the general 
editorship of H. J. MacKiKUEB. Large 8vo. Each volume contains maps 
and diagrams. 7s. 6d. net per volume. 

Biitain and the British Seas. Second edition. ByH. J. Mackwdeb, 

Central Europe. By John Pami^ch. The Nearer East, By D. G. 

HoQAUTH. North America. By J. Rusbelt.. India. By Sir Thojias 

HoLnicH. The Far East. By Archibau) Ltttij:. 

The Face of the Earth (Das Anthtz der Erde). By 

EncABD Suess, Translated hy Hertha Soi.las. Vols. I, II. 95s. net each. 

The Oxford Geographies. By a. j. HEBBEaTsos. Crown Svo. 

Vol. I. The Preliminary Geography, Ed. 9, 72 maps and diagrams. Is. 6d. 

Vol.JI. The Junior Geography, Ed. 2, 166 maps and diagrams, 2s. 

Vol. III. The Senior Geograpny, Ed. 3, with 117 maps and diagrams, 2s. 6d. 

Geography for Schools, by a. Huqhes. Crown Svo. ss. ed. 

Anthropological Essays presented to Edwaed Buenett Tvlob in 
honour of his seventy-fifth birthday: ty H. Balfotje, A. E. Cbawlev, 
D. J. CoNHiNOHAsr, L. R. Faknell, J. G. FnizEn, A. C Haihiost, E. S. 
Haetland, a. Lano, R. R. Mahett. C. S. Myebs, J. L. Myhes, C. H. Read, 
Sir J. Rh*s, W. RmGEWAv, W. H. R. Eivebb, C. G. SEUOstAsy, T. A. Jovce, 
N, W. Thostas, a. Thohisos, £. WEsiiiEJiARCK ! with a bibliography by 
Bareaea W. Feeibe-Mabheco. Imperial Svo. 15s. net. 

The Evolution of Culture, and other Essays, by the late 

Lieut.-Gen. A. Lane-Fox Pitt-Rivees ; edited by J. L. M\-bes, with an 

Introduction by H. Balfour. Svo, with 21 plates, 7s. 6d. net. 
Duhois' Hindu Manners, Customs, and Ceremonies. Translated 

and edited with notes, corrections, and biography, by H. K. Beauchajip. 

Third edition. Crown Svo. 6s. net. On India Paper, 7s. 6d, net. 
The Melanesians, studies in their Anthropology and Folk-Lore. By 

R. H. Cobbinbton. Svo. 16s. 

Iceland and the Faroes. By N. Anwandale. with twenty-four 

illustrations and an appendix on the Celtic Pony, by F. H. A, Makshat.i.. 
Crown Svo. 4s. 6d. net. 

The Masai, their Language and Folk-lore. By a. c. Holus. 

With introduction by Sir Chaeles Eliot. Svo, With 97 full-page ilhistra- 
tions and a map. 14s. net. 

Celtic Folklore i Welsh and Manx. By J. Rhvs. Two volumes. 

8vo. £1 Is. 

Studies in the Arthurian Legend, By J. Rhys. svo. 12s. ed. 

The Mediaeval Stage, from classical times through folk-play and 
minstrelsy to Elizabethan drama. By E. K. Chajidebs. With two iQustra- 
tions. Svo. £1 5s. net. 
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PHILOSOPHY 

Modern Philosophy 

Bacon's Novum Organum, edited, with introduction, notes, et\ 
by T. Fowler. Second edition. 8vo. Lis. 

No^Tim Organum, edited, with notes, by G. \V. Kitchim. 
8vo. fls. 6d. 

Bentham's Introduction to the Principles of Morals and 

Legislation. Crown Svo. es. fid. 

The Works of George Berkeley, formerly Bishop of Cloyne. With 

frefaces, annotations, appendices, and an account of his Life and Philosophy, 
y A. C. Fraseu. New edition (,1901) in erown Svo. Four yolumes, £1 is. 
Some copies of tlie Svo edition of the Life are still on sale, price 16s. 

Selections from Berkeley, with introduction and notes, for the use of 
Students. By the same Editor. Fifth edition. Crown Svo. 7s. 6d. 

The Cambridge Platonists : being selections from the Writings of 
Benjamin Whichcote, John Smith, and Nathanael Culverwel, with introduc- 
tion by E. T. CAjiPAeNAC. Crown Svo. 6s. 6d. net. 

Leibniz's Monadology and other Philosophical Writings, translated, 
with introduction and notes, by R. Lati'*. Crown Svo, 3s. 6d, 

Locke's Essay concerning Human Understanding. 

Collated and annotated with prolegomena, biographical, critical, and historical, 
by A. C. Phaser. Two volumes. Svo. £1 Ws. 

Locke's Conduct of the Understanding. Edited byT. Fowler. 

Extra fcap Svo. 2s. 6d. 

A Study in the Ethics of Spinoza. By h. h, Joacium. Svo. 

lOs. 6d. net. 

Hume's Treatise on Human Nature, reprinted from the original 

edition in three volumes, and edited by L. A. Sei.by-Bigge. Second edition. 
Crown Svo. 6s. net. 

Hume's Enquiry concerning the Human Understanding, 

and an Enquiry concerning the Principles of Morals. Edited by L. A. 
SELiiY-BiccE. Crown Svo. Second edition. 6s. net. 

British Moralists, being Selections from writers principally of the 
eighteenth century. Edited by L, A. Sei.bv-Bigce. Two volumes. Crown 
Svo. 13s. net. Uniform with Hume's Treatise and Enqidry, and Berkeley's 
Works. 

Butler's Works, edited by W. E. Gladstove. Two volumes. Medium 
Svo, i4iS. each, or Cromi Svo, 10s. fid. Also, separately — Vol. 1 (Analogy), 
5s. 6d. Vol. II (Sermons), 5s. 
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Political Science and Economy 



Industrial Organization in the 16th and 17th Centuries. 

By G. Umwin-, 9vo. 7s. 6d. net. 

Relations of the Advanced and Backward Races of 

Mankind, the Romanes Lecture for ISOa. By J. Bhyce. 8vo. 2s.net. 

ComewaU-Lewis's Remarks on the Use and Abuse 

of some Political Terms. New edition, with introducUon by 
T. Raleigh. Crown Svo, paper, 3s, Cd. ; clotli, Is. fid. 

Adam Smith's Wealth of Nations. Edited by J. e. Tnonoi-n 

KoGEHS. Two volumes. 8vo. i£l l3. net. 
Adam Smith's Lectures on Justice, Police, Reven e ind \rni 
Edited with introduction and notes by E, Canman. 8vo 10s d net 

BluntsehM's Theory of the State. Translated from tiie s xtb 

German edition. Third edition. IBOl. Crown 9vo, half b u d Ss bd 
Co-operative Production. By B. Jones. With preface bj A H 
Dyke-Acland. Two volumes. Crown Svo. I5s. 

Elementary Pohtical Economy. By E. Casn v Fourth ed t on 

Extra fcap Svo, Is. 
Elementary Politics. By T. Raleigh, sixth edit on r ed E tra 
fcap Svo, stiff covers. Is. 

A Geometrical Political Economy. Beng i eie e tar 

Treatise on the method of explaining some Theories of P re E onon 
Science by diagrams. By H, Cunynghasie, CB. Cr. b o s fid net 

The Elements of Railway Economics. By w. M. Acworth. 

Crown Svo. Seeond impression. 3s. net. 

Economic Documents 
Ricardo's Letters to Blalthus (isio-isas). Edited by J. Bonab. 
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